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Abstract. We classify the finite dimensional irreducible representations of rectan- 
gular finite ly-algebras, i.e., the finite Ty-algebras U{g, e) where g is a symplectic or 
orthogonal Lie algebra and e € g is a nilpotent element with Jordan blocks all the 
same size. 



E"' ! 1. Introduction 

This paper concerns the representation theory of the finite VK-algebra U{q, e) associ- 
ated to a nilpotent element e in a reductive Lie algebra g. The main focus of this paper 
is the representation theory of the finite VF-algebras associated to nilpotent elements 
in the symplectic or orthogonal Lie algebras whose Jordan blocks are all the same size. 
We refer to these simply as rectangular finite VF-algebras. 

The general definition of finite T^-algebras is due to Premet in |Plj , though in some 



cases they had been introduced much earlier by Lynch in Ly following Kostant's 
celebrated work on Whittaker modules in The terminology "finite TF-algebra" 
comes from the mathematical physics literature, where finite VF-algebras are the finite 
I type analogs of the vertex Vl^-algebras defined and studied for example by Kac, Roan, 

m ■ and Wakimoto in |KRW| . The precise identification between the definitions in [PI] 

. and [KRW| was made only recently by D'Andrea, De Concini, De Sole, Heluani, and 

^ ■ Kac in [D%K] . 

There are many remarkable connections between finite H^-algebras and other ar- 
eas of mathematics. The finite VF-algebra U{Q,e) possesses two natural filtrations, 
^ ' the Kazhdan and loop filtrations. The main structure theorem for finite VF-algebras, 

■ proved in [PlJ and reproved in |GGj . is that the associated graded algebra to U{g,e) 

with respect to the Kazhdan filtration is isomorphic to the coordinate algebra of the 
Slodowy slice, i.e. C/(g,e) is a quantization of the Slodowy slice through the nilpotent 
orbit containing e. On the other hand, by [P2i the associated graded algebra with 
respect to the loop filtration is isomorphic to U{q^), the universal enveloping algebra 
of the centralizer of e in g. Because of this, the structure of [/(g, e) is intimately related 
to the invariant theory of the centralizer q^. In [BB] this connection was used to con- 
struct a system of algebraically independent generators for the center of the universal 
enveloping algebra C/(g^) in the case g = g[„(C), giving a constructive proof of the 
freeness of this center (which had been established earlier by Panyushev, Premet and 
Yakimova in [PPY] by a different method) and also verifying [PPYt Conjecture 4.1]. 

The work of Premet in \P2\ IP3| . Losev in |LoH ILo2| . and Ginzburg in |Gij has 
highlighted the importance of the study of finite dimensional representations of C/(g, e) , 
revealing an intimate relationship with the theory of primitive ideals of the universal 
enveloping algebra U{q) itself. At the heart of this connection is an equivalence of 
categories due to Skryabin in pk] between the category of C/(g, e)-modules and a 
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certain category of generalized Whittaker modules for g. For other recent results 
about the representation theory of finite VF-algebras see e.g. |Lo3j . |Lo4] . |Goj . |GRU) . 

1.1. Statement of the main results. Throughout this paper we denote the general 
linear, symplectic, and orthogonal Lie algebras 0[„(C), sp„(C), and sOn(C) as gn, 0n ) 
and Q~ for short, assuming that n is even if g = sp„(C). We will also need the following 
index set defined in terms of a positive integer n: 



Let and y„ denote the twisted Yangians associated to and , respectively. 
These are certain associative algebras with generators {S^^j € Tn,r G ^>o}; see 
|MNOj for the full relations. Fix positive integers n and I, and a sign e E {i}, now let 
= 9ni- Let e be a nilpotent element of Jordan type (/"") in g. In order to ensure that 
such a nilpotent exists one must further assume that if e = + and I is even then n is 
even, and that if e = — and I is odd then n is even. Let C/(g, e) be the finite VF-algebra 
attached to g and the nilpotent element e; see §2.11 below for the general definition. 
We will also need another sign (p defined to be e if / is odd, and — e if I is even. Set 
Y = Yn ■ The main result of [Blj is the following theorem: 

Theorem 1.1. There exists a surjective algebra homomorphism Y C/(g,e) with 
kernel generated by the elements 



Results along these lines were first noticed by Ragoucy in [R], where he observed 
that a similar homomorphism exists in the case that / is odd for certain commutative 
analogs of these algebras. 

The main aim of the present article is to combine this theorem with Molev's classi- 
fication of the finite dimensional irreducible representations of twisted Yangians from 
(Mj to deduce a classification of finite dimensional irreducible representations of the 
rectangular finite VF-algebras. The main combinatorial objects in this classification 
are skew-symmetric n x I tableaux. A skew- symmetric n x / tableaux is an n x I ma- 
trix of complex numbers, with rows labeled in order from top to bottom by the set 
In and columns labeled in order from left to right by the set Z/, and which is skew- 
symmetric with respect to the center of the matrix, that is, if yl = (aij){,GX,jjGX; is 
a skew-symmetric n x I tableaux then ajj = —a-i-j. Let Tab„^i denote the set of 
skew-symmetric n x / tableaux. We say that two skew-symmetric n x / tableaux are 
row equivalent if one can be obtained from the other by permuting entries within rows. 
Let Row^ ^ denote the set of row equivalence classes of skew-symmetric n x / tableaux. 

In the following definition (and from here on) we use the partial order > on C 
defined bya>5ifa — 6g Z>o. A skew-symmetric n x / tableaux A = {aij)i^Xn,jeii 
is e- column strict if 

- the entries in every column except for the middle column (which exists only 
when I is odd) are strictly decreasing from top to bottom, i.e., ai~n,j > 
as-nj > ■ ■ ■ > an-i,j for ah / j G Z/; 



X„ = {1 - n,3 - n, . . . 



n- 1}. 




(1.1) 
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- if / is odd and n is even then the entries in the middle column satisfy ai-n,o > 
as-nfl > ■ ■ ■ > 0-1,0, and they also satisfy a_i,o > if e = — , and they satisfy 
a„3^o + cL-1,0 > if e = + and n > 4; 

- if / is odd and n is odd then the entries in the middle column satisfy ai_„.o > 
a3-n,o > • • • > 0-2,0) and they also satisfy 2a_2,o > 0. 

Let Col^ I denote the set of all e-column strict skew-symmetric n x / tableaux, and let 
Std^ ; denote the set of elements of Row„^/ which have a representative in Col^ 

We relate these sets to certain representations of the twisted Yangian Y. It is 
convenient to use the power series 

5,,(n) = ^5fJn--Gy[[u-i]], (1.2) 

r>0 

where sf'j = 6ij. A y- module V is called a highest weight module if it generated by a 
vector V such that Sij{u)v = for all i < j and if for all i we have that Si^i{u)v = ^i{u)v 
for some power series ^i{u) G 1 + u^"'^C[[n^"'^]]. To a skew-symmetric n x I tableaux 
^ = {(^i,j)i€in,j<^ii associate a (unique up to isomorphism) irreducible highest weight 
y-module generated by a highest weight vector v for which 

- ^ySi^ii'^ - = {u + ai^i_i){u + aj,3„;) . . . {u + aj,i_i)w 
if I is even and i > 0, or 

= (n + ai^i^i){u + ai,3_/) . . . {u + _2)(u + aj^o + '5i,o/2)(n + 0^,2) ■ ■ ■ (u + aj,/_i)-u 

if / is odd and i > 0. This l^-module factors through the surjection Y ^ U{q, e) from 
Theorem 11.11 to yield a (not necessarily finite dimensional) irreducible C/(g, e)-module 
denoted L(A) for each A G Row„ ;. Moreover these are the only highest weight Y- 
modules which descend to U{q, e), so the problem of classifying the finite dimensional 
irreducible representations is reduced to determining exactly which L(A)'s are finite 
dimensional, which can be deduced from Molev's results in [M]. The following is the 
main theorem of this paper: 

Theorem 1.2. Suppose A E Row„^;. 

(i) If I is odd or if I is even and e = + then L(A) is finite dimensional if and only 
if A has a representative in Col^;. Hence 

{L{A) I A G Std^,,} 

is a complete set of isomorphism classes of the finite dimensional irreducible 
representations of U{Q,e). 

(ii) /// is even and e = — then L{A) is finite dimensional if and only if A^ has a 
representative in Col^ i^^. Hence 

{L(A)|AGRow„,i,A+GStd+;+i} 

is a complete set of isomorphism classes of the finite dimensional irreducible 
representations of U{g, e) . 
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In the theorem denotes the skew-symmetric n x (/ + 1) tableaux obtained by 
inserting a middle column into A with entries 



if n is even and 



Tl Tl Tl 

--l,--2,...,l,Q,Q,-l,-2,. 



71/71/ 113 71/ 

2 ~ 2 ~ ^' ■ ■ ■ ' 2'*^' ~2' ~2' ■ ■ ■ ' ''^ ~ 2 



if n is odd down the middle column. 

The classification in Theorem 11.21 meshes well with the general framework of highest 
weight theory for finite VF-algebras developed in |BGK| . Under this framework for 
each A G Row„ j one can associate an irreducible [/(g, e)-module. In f|5]we show that 
this module is isomorphic to L{A) for each A G Row^i,;. 

The theorem also helps illuminate the connection between f7(g)-modules and U{q, e)- 
modules via primitive ideals. For an algebra A let Prim A denote the set of primitive 
ideals in A. In [Lo2] Losev showed that there exists a surjective map 

t : PrimfinC/(0,e) ^ Prim^[/(0). 

Here G is the adjoint group of g, Primfint/(g, e) denotes the primitive ideals of C/(g, e) 
of finite co-dimension, and 

Prim^C/(g) = {/ € Prim C/(g) [ VA{I) = O^}, 

where VA{I) denotes the associated variety of an ideal / in f7(g). Moreover, Lo- 
sev showed that the fibers of the map j are C-orbits, where C = Cc{e)/Ca{e)° is 
the component group associated to the nilpotent element e, which acts naturally as 
automorphisms on C/(g,e) (induced ultimately by its adjoint action on U{q)). 

In our special cases we can calculate explicitly the action of C on the set of finite di- 
mensional irreducible [/(g, e)-modules, and therefore on PrimgnC/ (g, e). By [C], Chapter 
13] the only rectangular finite I^-algebras for which C is not trivial are the ones where 
e = — , and n and I are both even, in which case C = Z2. To explicitly state the C- 
action we need to define the notion of a '^-special element of a list of complex numbers. 
Given a list (ai, . . . , a2k+i) of complex numbers let {(a^*\ . . . , a2;j^_(_^) | i G 1} be the 

(i) (i) 

set of all permutations of this list which satisfy O2/-1 ~^ ^ ^ ^'-'^ each j = 1, . . . ,k. 
Assuming such rearrangements exist, we define the ^-special element of (ai, . . . , a2k+i) 
to be the unique maximal element of the set {a2fc+i I ^ ^ -^}- other hand, if no 

such rearrangements exist, we say that the (t-special element of (ai, . . . ,02^+1) is un- 
defined. For example, the Jt-special element of (—3,-1,2) is —3, whereas the (J-special 
element of (— 3,— 2,1) is undefined. 

We define an action of Z2 on Row„ ; as follows. Let A = {aij)i,=x„,jeXi Row„^/, 
let a be the (t-special element of (0, a_i^;_i, a_i^i_3, . . . , a_i^i_i), and let c denote the 
generator of Z2. If a is undefined or o = then we declare that c ■ A = A. Otherwise 
we declare that c - A = B where B € Row„^; has the same rows as A, except with one 
occurrence of a replaced with —a in row —1, and one occurrence of —a replaced with 
a in row 1. It is an immediate corollary of Lemma 13.191 below that this action is well 
defined. For example. 



CO 


1 


2 


4 




CO 


-2 


1 


4 


-4 


-2 


-1 


3 




-4 


-1 


2 


3 



since the (j-special element of (0, —3, 1,2,4) is 2. 
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In f|6]we prove the following theorem: 

Theorem 1.3. Suppose that n and I are even positive integers and e = —. Let A = 

(ajj)jg2„ jgi; G Kown^i be such that A'^ G Std^^ and let L{A) denote the corresponding 
finite dimensional irreducible representation ofU{Q,e). Then the '^-special element of 
(0, a-i,i-i, a-i,/-3, . . . , a-i,/-i) is defined, and c • L{A) = L{c ■ A). 

Understanding the C-action for the rectangular finite VF-algebras turns out to be 
key to understanding the C-action for more complicated finite VF-algebras. In the 
forthcoming paper jlBroGj we use these results as well as the results in [BGK| to 
classify the finite dimensional irreducible representations of U{q, e) for a large class of 
nilpotent elements in the symplectic and orthogonal Lie algebras. 

Acknowledgements. The author would like to thank Jonathan Brundan for many 
enlightening conversations, and he would like to thank Simon Goodwin for pointing 
out and correcting an error in ^ 

2. Rectangular finite VF-algebras 

2.1. Overview of finite ly-algebras. Throughout this subsection g denotes a reduc- 
tive Lie algebra and e denotes a nilpotent element of q. To define the finite VF-algebra 
[/(g, e), one first applies the Jacobson-Morozov Theorem to embed e into an s[2-triple 
(e, h, /). Now the ad h eigenspace decomposition gives a grading on g: 

= 05«, (2.1) 

where g(i) = {x G g j [/i, x] = ix}. Finite PV^-algebras are defined for any grading, 
however to simplify the definition of C/(g,e), we assume that this grading is an even 
grading, i.e., Q{i) = if i is odd. Define a character x : 5 — ^ C by x{x) = {x,e), 
where (. , .) is a fixed non-degenerate symmetric invariant bilinear form on q. Let 
tn = ©j<o0(^)' ^^"^ P ~ ©j>o5(^)- Let / be the left ideal of U{g) generated by 
{m — xi''^) I ^ iTi}. By the PBW Theorem, 

U{q) = U{p)(BI. (2.2) 

Define pr : U{g) U{p) to be the projection along this direct sum decomposition. 
Now we define 

U{Q,e) = {n G U{p) \ pr{[m,u]) = for all m G m}, 

so U{g, e) is a subalgebra of U (p) in these even grading cases. 

The finite PV^-algebra U{q, e) possesses two natural filtrations. The first of these, 
the Kazhdan filtration, is the filtration on C/(g,e) induced by the filtration on U{q) 
generated by declaring that each element x G g(i) in the grading (j2.ip is of degree 
i + 2. The fundamental PBW theorem for finite PF-algebras asserts that the associated 
graded algebra to U{q, e) under the Kazhdan filtration is canonically isomorphic to the 
coordinate algebra of the Slodowy slice at e; see e.g. |GGl Theorem 4.1]. 

The second important filtration is called the good filtration. The good filtration is the 
filtration induced on C/(g, e) by the grading (|2.ip on U{p). According to this definition, 
the associated graded algebra gr U (g, e) is identified with a graded subalgebra of U (p). 
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The fundamental result about the good filtration, which is a consequence of the PBW 
theorem and [PSi (2.1.2)], is that 

grC/(g,e) = W) (2-3) 
as graded subalgebras of U{p), where denotes the centralizer of e in g; see also 
[BGKl Theorem 3.5]. 

2.2. Rectangular finite VF-algebras and twisted Yangians. Recall that a rectan- 
gular finite VF-algebra is a finite VK-algebra C/(g, e) for which g is so„(C) or sp„(C) and e 
has Jordan blocks all the same size. We need to recall the many of the results from j Bl| 
about the relationship between twisted Yangians and rectangular finite VF-algebras. 
We begin by fixing explicit matrix realizations for the classical Lie algebras. Recall 
that for any integer n > 1, we have defined the index set X„ = {1 — n, 3 — n, . . . , n — 1}. 
Let Qn = Q^ni^) with standard basis given by the matrix units {eij G In}- Let 
be the n x n matrix with entry equal to 6i-j, and set 

g+ = so„(C) = {x e Qn \ x^J^ + J+x = 0}, 

where denotes the usual transpose of an n x n matrix. Assuming in addition that 
n is even, let J~ be the nxn matrix with («, j) entry equal to if J > and —Sii-j 
if j < 0, and set 

5n = spn(C) = {x e g„ I x^J- + J-x = 0}. (2.4) 
We adopt the following convention regarding signs. For i G In, define ? € Z/2Z by 

i=(° (2^5) 
[ 1 if f < 0. ^ ^ 

We will often identify a sign it with the integer ±1 when writing formulae. For example, 
e* denotes 1 if e = + or ? = 0, and it denotes — 1 if e = — and i = 1. With this notation, 
Qn is spanned by the matrices {fij \ i,j £ In}, where 

Next we fix integers n, / > 1 and signs € {^}, assuming that (/> = e if / is odd, 
(/) = — e if / is even, and (/> = + if n is odd; now let g = g^^. To define a nilpotent element 
e G g of Jordan type (P) we introduce an n x / rectangular array of boxes, labeling rows 
in order from top to bottom by the index set In and columns in order from left to right 
by the index set I;. Also label the individual boxes in the array with the elements of 
the set Ini- For a G Ini we let row(a) and col(a) denote the row and column numbers of 
the box in which a appears. We require that the boxes are labeled skew-symmetrically 
in the sense that row(— a) = — row(a) and col(— a) = — col(a). If e = — we require in 
addition that a > either if col(a) > or if col(a) = and row(a) > 0; this additional 
restriction streamlines some of the signs appearing in formulae below. For example, if 
n = 3, / = 2 and e = —,(/> = +, one could pick the labeling 



-5 


1 


CO 


CO 


-1 


5 



and get that row(l) = —2 and col(l) = 1. We remark that the above arrays are a 
special case of the pyramids introduced by Elashvili and Kac in |EKj : see also [BruGj . 
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Having made these choices, we let e G g denote the following nilpotent matrix of 
Jordan type (/"): 

a,b&X„l a,b€X„i a,b€X„i 

row(a)=row(fe) row(a)=row(6)>0 row(a)=row(fe)=0 

col(a)+2=col(fe)>2 coI(a)+2=col(6)=l col(a)+2=col(fe)=l 

In the above example, e = /-i,5 + ^/-3,3 = e-i,5 + e-5,1 + 6-3^3. Also define an even 
grading 

= 00(0 (2.7) 

with e G g(2) by declaring that deg(/a^fc) = col(6) — col(a). Note this grading coincides 
with the grading obtained by embedding e into the s[2-triple (e, h, f) where 

h = col{-a)ea,a (2.8) 

and considering the ad /i-eigenspace decomposition of g. Let p = ®^>QQ{r) and m = 
©r-<o0(^)' non-degenerate symmetric invariant bilinear form on g we use the 

form {x,y) = ^tr(xy). Define x : iri — ^ C by x 1— (e, x). An explicit calculation using 
the formula for the nilpotent matrix e recorded above shows that 

Xifa,b) = -e^^\U^b,^a) = 1 (2.9) 
if row(a) = row(6), col(a) = col(6) + 2 and either col(a) > 2 or col(a) = 1, row(a) > 0; 
all other fa,b £ tti satisfy xifa,b) = 0. Now we have our rectangular finite VF-algebra 

U{Q,e) = {u e U{p) I pr([x,ii]) = for aU x G m} 

where pr : ?7(g) — > U{p) is projection along the the decomposition from (12. 2p . 

To make the connection between U (g, e) and the twisted Yangians, we exploit a 
shifted version of the Miura transform, which we define as follows. Let P) = g(0) be 
the Levi factor of p coming from the grading. It is helpful to bear in mind that there 
is an isomorphism 

{n®m if / — 2?TT 

g^eg®™ if/ = 2m + l, 
which maps fa,b G f) to /row(a),row(6) G 0^ if col(a) = col(6) = or to ei.ow(a),row(6) in 
the p°|^(°') "|th copy of g„ if col(a) = col(6) > 0. For q Gli, let 

ifg>0; 

Pq=l^ if(Z<0; (2.11) 
if g = 0. 

Let r] be the automorphism of U{i}) defined on generators by rj{fafi) = fa,b — ^a,bPco\{a)- 
Let ^ : C/(p) ^ be the algebra homomorphism induced by the natural projection 
p ^ f). The Miura transform /i : U{p) U{\]) is the composite map 

/x = r?o^. (2.12) 

By |Ly[ §2.3] (or |BH Theorem 3.4]) the restriction of p to C/(g,e) is injective. 

Now we turn our attention to the twisted Yangian Y = Yn ■, recalling that = — e 
if I is even and (/> = e if / is odd. By definition, y is a subalgebra of the Yangian Y^. 
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(r) 

The Yangian 1^ is a Hopf algebra over C with countably many generators {T^j \hj G 
X„,r € Z>o}- To give the defining relations and other data for the Yangian it is 
convenient to use the power series 



r>0 



where T^^^^ = 6ij. Now the defining relations are 

(u - v)[Tij{u),Tk^i{u)] = Tkj(u)Ti^i{v) - Tkj{v)T^{u). 

This and subsequent formulae involving generating functions should be interpreted 
by equating coefficients of the indeterminates u and v on both sides of equations, as 
discussed in detail in jMNO^ §1]. For example, the comultiplication A : 1^ ^ 1^ (8> 
making into a Hopf algebra is defined by the formula 

^{Tij{u)) = J2 ® Tk^jiu). (2.13) 

fcGXn 

By [MNOt §3.4], there exists an automorphism r : 1^ — )• y„ of order 2 defined by 

T{Tij{u))=4>'^^T.,,_,{-u). 

We define the twisted Yangian Y to be the subalgebra of Yn generated by the elements 
{S^^j G Inj^ € Z>o} coming from the expansion 

S,,{n) = Y.sty^ = E rm,,iu))n,{n) G Ya[[n-% (2.14) 

This is not the same embedding of Y into Yn as used in [ MNOt §3]: we have twisted 
the embedding there by the automorphism r. The relations for the twisted Yangian 
are given by 

{u^ - v^)[Sij{u),Sk,iiv)] = {u + v){Skjiu)Si^i{v) - Sk,j{v)Si^i{u))- (2.15) 

{u - v){cP^+-^Si,.k{u)S.j,i{v) - cp''+-'SkMv)S.i,,{u))+ 
<j}+-^Sk,-^{u)S^,^i{v) - 0^+-^5fc,_,(t;)5_,v(n) 

and 

<^^+^-5_,,_.(-n) = S,,{u) + ^M!fl_Mz!^. (2.16) 

Because of the fact that r is a coalgebra antiautomorphism of 1^ , we get from [MNO^ 
§4.17] that the restriction of A to y has image contained 'm.Y ®Yn and 

A(5.,,(n))= ShAu)®T{T,^h{u))n^j{u). (2.17) 

h,k£Xn 

We let A*^™) : Yn — )• y^(™+^) denote the mth iterated comultiplication. The preceding 
formula shows that it maps Y into Y (8) Y®^- 

By jMNOt §1.16] there is an evaluation homomorphism Yn — )■ U{Qn)- In view of this 
and ()2.10p . we obtain for every < p ^ Zi a homomorphism 

evp : Yn ^ [/(f)), r,,,(n) ^ + u-^fa,b, (2.18) 

where a,b & Xni are defined from row(a) = i,row(6) = j and col(a) = col(6) = p. The 
image of this map is contained in the subalgebra of U{\]) generated by the [p/2]th 
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copy of Qn from the decomposition (I2.10p . There is also an evaluation homomorphism 
Y — > J7(Sn) defined in |MN01 §3.11]. If we assume that / is odd (so e = 4>), we can 
therefore define another homomorphism 

evo : y ^ C/(f)), Sijiu) ^ 6i.j + {u + fa,b, (2.19) 

where row(a) = i, row(6) = j and col(a) = col(6) = 0; if e = — this depends on our 
convention for labeling boxes as specified above. The image of this map is contained 
in the subalgebra of [/(f)) generated by the subalgebra in the decomposition (I2.10[) . 
Putting all these things together, we deduce that there is a homomorphism 

nr.Y^ [/(f)) 

defined by 

fevi(g)ev3(8)---0evi_ioA(™) if Z = 2m + 2; . , 

Ki = < _ _ _ , . (2.2U) 

1 evo(8)ev2(g)---(g)ev;_ioA^™'^ if / = 2m + 1, 

where (8) indicates composition with the natural multiplication in [/(f)). 
Theorem 11.11 is a corollary of the following theorem: 

Theorem 2.1 ([HIl Theorem 1.1]). /i([/(g,e)) = KiiY). 

This implies the following: 

Corollary 2.2. When I is even there is a surjection 

C:[/(s',e')-[/(0,e) 

where q' = o,nd e' is a nilpotent element in q' of Jordan type {{I + 1)") such 

that the following diagram commutes: 




[/(5,e) 

Note that this corollary does not apply when e = + and n is odd since in this case 
the nilpotents e and e' do not exist. 

The proof of Theorem 12.11 requires an explicit formula for the generators of U{q, e) 

(r) 

corresponding to the elements J £ Y, which we will use again later on. Given 
i^j £ '^n and p,q £ Ii, let a, b be the elements of Ini such that col(a) = p, col(6) = q, 
row(a) = i, and row(6) = j. Define a linear map Sij : 0j — by setting 

SiAep,g) = 0'^+^"Va,fe. (2.21) 

Let M„ denote the algebra of n x n matrices over C, with rows and columns labeled 
by the index set X„ as usual, and let T{qi) be the tensor algebra on the vector space 
0;. Let 

s : T{qi) ^Mn® U{q) (2.22) 
be the algebra homomorphism that maps a generator x G 0; to Ylij^in ® 
This in turn defines linear maps 

s,j : T{5i) ^ [/(0) (2.23) 
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(2.24) 



such that 

s{x)= eij0Sij{x) 

for every x E T{qi). Note for any x,y £ T{qi) that 

Si,j{xy) = ^ Si^k{x)sk,j{y) 

and also Sij(l) = 5ij. 

If yl is an / X / matrix with entries in some ring, we define its row determinant rdet A 
to be the usual Laplace expansion of determinant, but keeping the (not necessarily 
commuting) monomials that arise in row order, see e.g. [BKH (12.5)]. For q £ Ii and 
an indeterminate u, let 



U + Cq^q + Pqe T{qi)[u] 



recalling the definition of pq from (12. lip . Define J7(n) to be the / x / matrix with entries 



If / is odd we also need the / x / matrix il(n) defined by 

I Q,{u)p^q if p 7^ or (7 7^ 0; 





is equal to 




if p < q; 


Uq 


ifp = q; 


-1 


iip = q + 2<0 




iip = q-\-2 = 


1 


iip = q + 2>0 





ifp> q + 2. 



(2.25) 



p,q 



^eo,o iip = q = 0. 
See |BH §1] for examples of n{u) and Cl{u). Now let 



(2.26) 



UJ[U 



r=—OD 



rdetO(n) if / is even; 

oo 

rdet n{u) + Y{-2(j)u)-'' rdet n{u) if / is odd. 



(2.27) 



r=l 



This defines elements Ur € T{gi), hence elements Sij{ujr) S U{q) for i,j G X„ and 
r > 1. It is obvious from the definition that each Sij{ujr) actually belongs to U{p). 

Theorem 2.3 ( [Bit Theorem 1.2]). The elements {sij{ujr) \ hi G ^ 1} generate 
the subalgebra C/(g,e). Moreover, p{sij{ujr)) = Ki{S^^j). 

It will be useful to note this theorem implies that for all i,j & In 

s,j{u-^u{u)) = Ki{S,j{u)). (2.28) 

3. Representation theory of Yangians and twisted Yangians 

To prove Theorem 11.21 we need to review the representation theory of Yangians and 
twisted Yangians from [M] . 
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3.1. Representation theory of Yangians. We say a y„-module ^ is a highest weight 
module if it is generated by a vector v such that Tij{u)v = for all i < j, and if for all 
i we have that Ti^i{u)v = \i{u)v for some power series Aj G 1 + ?i~-^C[[n~^]], in which 
case we say that V is of highest weight 

\{u) = (Ai_„(^/), A3_„(n), . . . , \n-i{u)). (3.1) 

For the rest of this paper we consider A(n) € (1 + n^-'^C[[u^^]])" to be indexed by the 
set Xn as in (13. ip . 

The following theorem is contained in [Ml §2]. 

Theorem 3.1. For each weight A(n) E (1 + u^^C[[ti^^]])"' there is a unique (up to 
isomorphism) irreducible highest weight Yn-module L{\{u)) of highest weight A(n). 

Theorem 3.2 ( [Mj Theorem 2.3]). Every irreducible finite dimensional Yn-module is 
a highest weight module. 

To specify which irreducible highest weight modules are finite dimensional, following 
Molev, we introduce the following notation. Given two power series Ai(ti), A2(it) € 
1 + n~^C[[u~^]] we write \i{u) — >■ \2{u) if there exists a monic polynomial P{u) G <C[u] 
such that 

Ai(n) _ P{u + l) 
\2{u) ~ P{u) ■ 

In fact P{u) must then be unique because if Q{u) is another monic polynomial sat- 
isfying ^ = ^gy^ then ^ = gg±ij, thus ^ is periodic, which implies 
P{u) = Q{u). 

Here is the main classification theorem for finite dimensional irreducible representa- 
tions of Yn- 

Theorem 3.3 (Drinfeld, |Dr j ) . The Yn-module L{X{u)) is finite dimensional if and 
only if \i_n{u) Xs-niu) > K-i{u). 

The following lemmas give a more combinatorial description of this notation. Recall 
that > denotes the partial order on C where a>6ifa — 6g Z>o. 

Lemma 3.4. If Xi{u), X2{u) G 1 + tt~-^C[['(i^^]] then Xi{u) — )• X2{u) if and only if there 
exists 7(n) G 1 + n~-^C[[n^-'^]] such that 

7(n)Ai(n) = (1 + aiu"^) . . . (1 + OkU'^), 

7(n)A2(n) = (1 + ^i^-^) . . . (1 + bku-^) 

where Oi > hi for i = 1, . . . ,k. 

Proof First assume that Ai(n) X2{u), so there exists a monic polynomial P{u) such 
that 

Ai(n) _ P(^ + l) 
A2(n) " P{u) 

Let k be the degree of P{u), and let 7(n) = ^^X2(u) ■ 7(^^)^i('") = P{u + l)u~^ and 
7(ii)A2(u) = P{u)u~^, thus 7(u) satisfies the conclusions of the lemma since we can 
now write j{u)X2{u)u'' = P{u) = (u + 6i) . . . (n + bk) and 'j{u)Xi{u)u'' = P{u + 1) = 
{u + bi + l) . . .{u + bk + l). 

Now assume there exists 7(u) G 1 + n^"'^C[[n^-'^]] such that '^{u)Xi{u) = (1 + 
aiu~^) ... (1 + akU~^) and 7(n)A2(ti) = (1 + biu^^) . . . (1 + bkU~^) where > bi 
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for i = 1, . . . , /c. For i = 1, . . . , /c let Pi{u) = (n + a, — + — 2) . . . (u + 6j + 1). 
Now 

Ai(-u.) _ {u + ai)Pi(n) ...{u + ak)Pk{u) 
\2{u) ~ Pi{u){u + 6i) . . . Pk{u){u + ' 
so P{u) = Pi{u){u + hi) . . . Pk{u){u + 6fc) is the unique polynomial satisfying 

Ai(^) _ P{u + l) 

\2{u) ~ P{u) • 

□ 

Lemma 3.5. Let Ai(ti),A2(u) G 1 + ti^^C[[n^^]], and suppose that Xi{u) — )■ A2(n). 
If j{u) € 1 + ti~-^C[[n~-'^]] satisfies 7(u)Ai(n), 7(u)A2(u) G C[n~-'^] i/ien we can write 
7(u)Ai(u) = (1 + aiu^^) . . . (1 + a^u^^) and 'y(u)X2{u) = (1 + hiu^^) . . . (1 + b^u^^) 
where aj > 6j for i = 1, . . . ,k. 

Proof We can write 'y{u)Xi{u) = (1 + aiu~^) . . . (1 + OfcU"^) and 7(w)A2(u) = (1 + 
biu~^) . . . (1 + and by replacing 7(n) we may assume that the sets {ai, . . . , ak} 

and . . . , 6^} are disjoint. By Lemma [33] there exists 7'(it) G 1 + w~^C[[«~^]] such 
that 7'(n)Ai('u) = (1 + ciu'^) . . . (1 + CmU~'^) and 7'(u)A2(n) = (1 + diu~^) . . . (1 + 
dmU~^) where q > di for i = 1, . . . , m, and by replacing ^'(u) we may assume that the 
sets {ci, . . . , Cm} and {(ii, . . . , dm} are disjoint. So we have that 

{I + aiU-^) . . . {1 + OkU-^) _ {1 + CiU-^) . . . {1 + CmU"^) 

(1 + 6in-i) . . . (1 + ftfcu^i) ~ (1 + diu-i) . . . (1 + d„^M-i) ■ 

So k = m, and as unordered sets we have (oi, . . . , Ofc) = (ci, . . . , Cfc), and . . . , 6^) = 
(di, . . . , dfc). Thus the lemma follows by re-indexing (ai, . . . , o^) and . . . , 6^). □ 

Lemma 3.6. Let Ai(n), . . . Xm{u) G l + ti~^C[[u^-^]]. If Xi{u) X2{u) ■ ■ ■ ^ Xm{u) 
then there exists 7(u) G 1 + n~"'^C[[ii^"^]] such that ^{u)Xi{u) G C[n^"'^] for i = 1, . . . , m. 

Proof. Assume that Xi{u) — >■ A2 (tt) — > • • • — )• Xm{u), and for i = 1, m — 1 let Pj(n) 
be the monic polynomial so that 

Ai(^) ^ Pi{u + l) 
Ai+i(n) Pi{u) 

Note for i = 1, . . . ,m — 1 that 

Pi{u + l)Pi+l{u + 1) . . . Pm-l{u + l)Xm{u) 



Xi(u) 



Pi{u)Pi+i{u) . . . Pm-l{u) 

So 

n '=Pi('u)...P^_i(u) 

7(«) = r~r^^ ' 

Xm[u) 

where k = Yll^i^ deg(Pi(u)), satisfies the conclusion of the lemma. □ 

3.2. Representation theory of twisted Yangians. Recall that a Y-module V is 
called a highest weight module if it generated by a vector v such that Sij{u)v = 
for all i < j and if for all i we have that Si^i{u)v = Hi{u)v for some power series 
^i(n) G 1 + n~"'^C[[u^"'^]]. The following theorem is contained in [Ml Chapter 3]. 
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Theorem 3.7. For a weight fi{u) = {fii{u), fi^iu), . . . , fin-i{u)) G {l + u~^C[[u~^]])"'^^ 
ifn is even or fi{u) = (/Uo(n), ^2(1^), • • • , fin-iiu)) € {l + u~^C[[u~^]])^^~^^^^'^ ifn is odd, 
there is a unique (up to isomorphism) irreducible highest weight Y -module L{p.{u)) of 
highest weight Jji{u). 

For the rest of this paper we consider fi{u) € (1 + ii^^C[[n^"'^]])"/^ if n is even or 
ll{u) G (1 + n-^C[[n-^]])("+^)/2 if ^ ig ^o be indexed by the sets {1, 3, . . . , n - 1} 
and {0, 2, . . . , n — 1}, respectively, as in Theorem 13.71 

The following is part of [Ml Theorem 3.3]. 

Theorem 3.8. Every irreducible finite dimensional Y -module is a highest weight mod- 
ule. 

Following Molev, to specify which irreducible highest weight modules are finite di- 
mensional, we introduce the following notation. For power series fi{u),iy{u) G 1 + 
n~^C[[n~^]], we write n{u) z^(n) if there exists a monic polynomial P{u) G C[u] 
such that P{u) = P{1 — u) and 

fiju) _ P{u + l) 
u{u) ~ P{u) 

Note that P{u) = P(l — u) is equivalent to P{u) being of even degree and the roots of 
P{u) being symmetric about |. 

Here is the classification of the finite dimensional irreducible representations of Y~ : 

Theorem 3.9 ([Ml Theorem 4.8]). The Y^ -module L{ji{u)) is finite dimensional if 
and only if 

mi-u) =^ fii{u) fj.3{u) > /i„_i(n). 

To obtain a more combinatorial description of the finite dimensional irreducible 
representations of 1^, we prove the following lemmas. 

Lemma 3.10. If fi{u) G 1 + tt~^C[[«~^]] then fJ-{—u) =^ ^(n) if and only if there exists 
7(u) G 1 + n^^C[[n^^]] such that 'y{u)fi{u) = (1 — aiu^^){l — a2U~^) ... (1 — a2kU~^) 
where 

a2i~i -\- a2i >0 for i = 1, . . . ,k. (3.2) 

Proof. Assume fJ-i—u) =^ fJ-iu), so there exists a monic polynomial P{u) of even degree 
so that P{u) = P{1 — u) and 

li{-u) _ P{u + l) 
fiiu) ~ P(n) 
Let 2k be the degree of P{u), and let 

, , P('u)n-2^ 

So "f{u)fj,{—u) = P{u + \)u^'^^ and ^{u)ijl{u) = P{u)u^'^^ . Since the roots of P{u) are 
symmetric about ^, we can write 

^{u)^l{u) = (1 - 6in-i)(l - (1 - bi)u-^) ... (1 - 6fcu-i)(l - (1 - hk)u-^). 

Now it is clear that 7(tt)/i(u) satisfies ()3.2p . so it remains to see that 7(ti) G C[[u~^]]. 
Note that the roots of P{u + 1) = u^^^{u)^{—u) are 61 — 1, —61, . . . , 6^ — 1, —h^. Now 
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since these are also the roots of P{—u) = v?^'^{—u)^[—u), we have that 7(— u)^(— n) = 
7(u)/i(— u), so 7(— li) = 7(ti), and thus 7(n) £ C[[u~^]]. 

Conversely, we now assume that there exists 7(u) € 1 + n^^C[[n^^]] such that 
7(u)^(n) = (1 — ain~^)(l — a2U~^) ... (1 — 02^^ "*^)) where a2i-i + a2i ^0 for i = 
I,.. . ,k. Let Pi{u) = {u + a2i-i - l){u + a2i-i - 2) ... (n - 021 + 1), and let Qi{u) = 
{u + a2i — l){u + a2i — 2) . . . (n — a2j-i + 1). Now it is the case that 

_ (u + ai)Pi{u){u + a2)Qi{u) . . . (n + a2k-i)Pkiu){u + a2k)Qk{u) 
li{u) Pi{u){u - a2)Qi{u){u - ai) . . . Pk{u){u - a2k)Qk{u){u - a2fc-i)' 

so -P(n) = Pi{u){u — a2)Qi{u){u — ai) . . . Pj.{u){u — a2k)Qk{u){u — a2k~i) is the unique 
monic polynomial of even degree such that P{u) = P{1 — u) and 

_ P{u + 1) 
fi[u) ~ P{u) 

□ 

Lemma 3.11. Suppose that /i(n) € 1 + u^^C[n^-'^], n{—u) fJ-{u), and there exists 
7(u) € 1 + n~^C[[u"^]] sitc/i that ^{u)^{u) = (1 — aiu~^){l — a2U'^^) ... (1 — a2kU~^) 
where 02^-1 + a2i > for i = l,...,k. Then there exists 7'(n) E 1 + ti^^C[[u^^]] 
such that after re-indexing (ai,...,a2fc) we can write y{u)fi{u) = (1 — aiu^^){l — 
a2U^^)...{l — a2rriU^^) whcrc m < k, for each i ^ j £ {!,..., 2m} we have that 
Oi 7^ — fflj, and (ai, . . . , 02™) satisfies 021-1 + 02* > for i = 1, . . . ,m. 

Proof. We proceed by induction on k, and assume that Oj = —Oj for some i ^ j £ 
{1, . . . , 2k}. After re-indexing we may assume that ai = —02 or oi = —03. If oi = —02 
then 

(1 - a^u'^) ... (1 - a2kU 



1 — a?u~ 



satisfies the hypotheses of the lemma, so the lemma follows by induction. If ai = —a^ 
then we have that 02 + 04 = ai + 02 + 03 + 04 > 0, so 

= (1 _ a2n-')il - a,u-') ... (1 - a2kU-') 

1 — aiu ^ 

satisfies the hypotheses of the lemma, so the lemma follows by induction. □ 

Lemma 3.12. Let fi{u) G 1 + n"^C[[n~^]]. // fj.{-u) fj,{u) and j{u) S 1 + 
u~^C[[?x~^]] is such that 7(n)//(ii) G C[u~^] then we can write ^{u)^{u) = (1 — 
aiu~^)(l — a2U~^) ... (1 — 02^1*"^) so that a2i-i + a2i > for i = 1, . . . ,k. 

Proof. By Lemmas 13.101 and 13.111 there exists 7'(ti) G 1 + u^^C[[u~^]] such that 
j'{u)fi{u) = (1 — biu~^) ... (1 — b2mU~^) so that 6j 7^ —bj for all i 7^ j G {1, . . . , 2m} 
and so that 624-1 + 62* > for i = 1, . . . , m. Write 

7(u)/i(n) = (1 - aiu~^) ... (1 - apU~^){l — Opj^^u''^) ... (1 — a'^u~'^) 

such that Oi ^ —aj for all i j £ {1, . . . ,p}. Thus 

7(t() _ (1 - aiu-^) ... (1 - apu-^){l - al^^w'^) ... (1 - a^^-^) 



l'{u) (l-6in-i)...(l-62mu-i) 
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which imphes 

(1 - aiu^^) ... (1 - apu^^){l + biu-^) . . . (1 + b2mu-^) 
^ 7(^)(l-6fn-^)...(l-feLO ^ (prr -2. 

7'(n)(l-a2_^,n-2)...(l-a2n-2)e^^i^ JJ' 

and thus p = 2m and after re-indexing we must have that aj = bi for ah i E {!,..., 2m}. 

□ 

Lemma 3.13. Let fii{u), fi2iu), ■ ■ ■ , fJ-miu) G 1 + u~-^C[[ti^-^]]. Suppose fii{—u) 
/ii(ti) t^2{u) ^ • • • — )• fj,m{u). Then there exists j{u) € 1 + n~^C[[n~^]] such that 
j{u)fii{u) € C[n~-'^] for i = 1, . . . ,m. 

Proof. By Lemma [STGl there exists v{u) G l+n~^C[[u~-^]] such that v{u)fii{u) G C[u~^]. 
So we can write v{u)ni{u) = (1 + biu~^) . . . {1 + bsU~^). Let t;'(n) = u(n)(l — 
6in~^) . . . {l — bsU~^), so v'{u)ni{u) G C[ti~^], and v'{u)fii{u) G C[?x~-^] for i = 1, . . . , m. 
By Lemma [3.101 there exists 'i]{u) G 1 + u~^C[[ti~^]] such that rj{u)iii {u) G C[n-i]. Let 
7(u) = r]{u)v' {u)fii{u). Now 7(n) G 1 + u^^C[[n~^]] and '^{u)iii{u) G C[ti^"^] for 
i = 1, . . . ,m. □ 

This lemma is key to giving a more combinatorial description of the finite dimen- 
sional irreducible representations of Y which is done (in the context of representations 
of finite M^-algebras) in ^ below. 

Next we turn our attention to the classification of finite dimensional irreducible 
representations of when n is even. The n = 2 case needs to be treated separately 
from the n > 2 cases. 

Theorem 3.14 ([Ml Proposition 5.3]). The Y,^ -module L{{fii{u))) is finite dimen- 
sional if and only if there exists 7(n) G 1 + ti~'^C[[n~^]] such that 

(1 + ^u'^)j{u)fii{u) = (1 - aiu~^)(l - a2U~^) ... (1 - 02^+1^"^) 

where 021-1 + 0.21 > for i = 1, . . . , k. 

We need a slight generalization of this theorem. 

Lemma 3.15. Let /^i(^i) G 1 -|- n^"'^C[[n^"'^]]. // the Y,^ -module L{{^i{u))) is finite 
dimensional and 7(u) G 1 + ti^^C[[ti^^]] is such that (1 -1- ^u^^)^{u)ijli{u) G C[n^"'^] 
then we can write 

(1 + ^'u,"^)7('u)/ui(u) = (1 - aiu"^)(l - a2U^^) ... (1 - a2fc+in"^), 

where a2i-i + a2i > for i = 1, . . . , k 

Proof. Suppose that such a j{u) exists. By [Ml Theorem 5.4] L((/ii(ti))) is finite 
dimensional if and only if there exists a monic polynomial P{u) G C[u] with P{u) = 
P{-u 1) and c G C such that P{-c) / and 

/ii(-n) _ P[u + l){u + c){2u + l) 
/XI (u) ~ P{u){u - c){2u - I) 

Let A(n) = ^i[u){\ + cu^^){\ + ^u^^). Thus we have that \{—u) =^ A(u), and since 
7(u)A(u) = (1 — ain~-'^)(l — a2U^'^) ... (1 — a2fc+iii~^)(l + cu"^), by Lemma [3.121 after 
re- indexing we have that a2i-i + 021 ^ for i = 1, . . . , /c. □ 
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Next we will give the classification of finite dimensional irreducible l^-modules for 
n even, n > 2. This depends on a certain 1^ automorphism ip: 

ij:Y+^ Y+, Sijiu) ^ Si,,f{u), (3.3) 

where i' = i if i ^ ±1, and i' = —i i = ±1. 

If L is a 1^-module, we let L" denote the module created by twisting with ip, that 
is, if v G L, y € Y^^ , then is the module created by the action y.v = ip{y)v, where 
'4'{y)v denotes the action given by L. Of course, if L{fL{u)) is a finite dimensional 
y-module, then so is L{p,{u))'^, and by Theorem 13.81 is another highest weight 

module. To determine which highest weight module, we need to define the notation of 
a ^'-special element of a list of complex numbers. A list (ai, • • • ; 02fc+i) of complex 
numbers can be indexed so that the following condition is satisfied: 

for every i = 1, . . . ,k we have: 

if the set {op + | 2i — 1 < p < (7 < 2/:; + 1} n Z>o is non-empty (3.4) 
then a2i-i + a2i is its minimal element. 

For an element a in a list (ai,a2, ■ ■ ■ ,02fe+i) of complex numbers, we say that a is a 
^'-special element of (oi, 02, . . . , a2fc+i) if a = 02^+1 when (oi, . . . , 02^+1) is indexed so 
that (I33D holds. 

Recall the definition of the a (|-special element of a list of complex numbers from 
the introduction. The following lemma shows that the concepts of the ^-special and 
jj'-special elements of a list are nearly identical. 

Lemma 3.16. Let (ai, . . . ,a2k+i) be a list of complex numbers. If the ^-special element 
of the list (ai + 1/2, . . . , a2k+i + 1/2) is defined then a2k+i + 1/2 is the '^-special element 
of this list if and only if a2fc+i is the '^'-special element of the list (oi, . . . , a2k+i)- In 
particular, the -special element is unique in these circumstances. 

Proof. We proceed by induction on k, the case A; = being clear. Let (ai, . . . ,02^+1) 
be a list for which a2i-i + 02* ^ for i = 1, . . . ,k, and for which ()3.4p holds. Let 
(61, . . . ,62A:+i) be a re-indexing of (oi, . . . ,a2fc+i) such that 621-1 + 621 > for i = 
1,. . . ,k. Assume that 62fc+i 7^ 02fc+i- Then after re-indexing we may assume that 
bi = a2k+i- Let i be such that Oj = 62. We assume that i is odd, as the case 
that i is even is proved similarly. Since (oi, . . . ,02^+1) satisfies (j3.4p . we have that 
Ui + Oj+i < Qi + a2k+i, so Oj+i < a2k+i- If A; = 1 then we must have that Oj+i = 63, 
so the lemma holds in this case. If A; > 1 then after re-indexing we may assume that 
Oj+i = 63, so a2fc+i + 64 > 0. Now we have that the lists (ai, . . . , aj_i, 0^+25 • • • 1 CL2k+i) 
and (a2fc+i, 64, 62^+1) also satisfy the hypotheses of the lemma, so by induction 
b2k+l < a2k+i- □ 

Suppose /i(n) G l + ti^-^C[[ti^-^]] is such that there exists j{u) G 1 + n~^C[[u^^]] such 
that (1 + ^u^^)j{u)fi{u) = (1 — aiu^^) ... (1 — a2k+iu~^), where a2i-i + a2i > for 
i = 1, . . . ,k and (ai, . . . , a2fc+i) satisfies ()3.4p . If these conditions are met then we say 
that /i''('u) is well-defined. Now we define 

ti^u) = 7iu)-\l + \u-^){l - aiu-') ... (1 - a2ku-^){l + (1 + 02^+1)^-^) (3.5) 

Lemma 3.17. The definition of n^{u) is well-defined, that is, it does not depend on 
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Proof. First we make the following observation. If (ai, . . . ,02^+1) satisfies (13.4p and 
a2i-i + a2i > for z = 1, . . . ,k then for any a S C the list (a, —a, ai, . . . , a2fc+i) also 
satisfies (13. 4p . Note this also implies that if a and —a both occur in (ai, . . . , 02^+1) 
then the (J'-special element of the list (ai, . . . , a2fe+i) with one occurrence of a and —a 
removed is also 02^+1- 

Now suppose that for ^{u) € 1 + ii^^C[[u^^]] that (1 + ^u~^)'j{u)fj,{u) = (1 — 
aiu~^) ... (1 - a2k+iu^^), where a2i-i + a2i > for i = 1, . . . , /c and (ai, . . . , a2k+i) 
satisfies ( |3.4p . Also suppose for some 7' (n) e l+u~'^C[[u~^]]th.at {l+^u~^)j'{u)fi{u) = 
. . . (l-62fc'+i^i~^), where b2i-i + b2i > for z = 1, . . . , A;' and (61, . . . ,62fc'+i) 
satisfies (|3.4p . 

By re-indexing we may write 

(l-aiu"^) . . . (l-a2A:+iu~^) = (1-ain"^) . . . (1 - apti"^)(l - Op+iu"^) . . . (l-OgU"^) 
and 

(I-61U-I) . . . (l-62fc'+in-^) = (l-6in-^) . . . {l-bp,u-^){l-bl,+^u-^) . . . {l-b^u-^), 
where Oj 7^ Oj for all i ^ j £ {1, . . . ,p} and ftj 7^ bj for all z 7^ j € {1, . . . So 
(1 - ain"i) ... (1 - apu-^){l - fflp+iU"^) ... (1 - a^n^^) _ j[u) 
(1 - 6in-i) ... (1 - bp,n-^){l - bl,^,u-^) ... (1 - 62,^-2) " y(^' 

so 

(1 - aizx"^) ... (1 - aptt"^)(l + biu~^) . . . (1 + 6p/n"^) 
^ 7(n)(l-fefn-2)...(l-fe^,n-2) 

7'(n)(l-a2^,n-2)...(l_a2,,-2) ^^^^^ JJ- 

Thus p = p' , and after re- indexing, aj = 6i for i = 1, . . . ,p. Now the lemma follows 
from the above observation. □ 

The following theorem is contained in the proof of [KH Theorem 5.9]. 

Theorem 3.18. Let jii{u) , jiz{u) , ■ ■ ■ , IJ-n-iiu) G 1 + u^"'^C[['u^^]] where ^\{u) is well- 
defined. Then L{{ijli{u) , ijl^{u) , . . . , /i„_i(M)))'' = L{{^\{u) , fiz{u) , . . . , /x„_i(u,))). 

We will also need the following lemma. 

Lemma 3.19. // (ai, . . . , a2fc+i) satisfies 021-1 + > for i = 1, . . . , fc and a2k+i 
is the ^'-special element 0/ (ai, . . . , 02^+1) then —1 — a2fc+i is the ^'-special element of 
(ai, . . . , a2k, —1 — «2fc+i)- 

Proof. Theorem 13.141 and Lemma 13.151 implv that the Y^'^-module L((/ii(n))), where 
Hi{u) = (1 — aiu~^) ... (1 — a2A;+iu~"'^)(l + ^u~^)~^), is finite dimensional, and by (13. 5p 
and Theorem 13.181 

L((^i(n)))» = L(((l - aiu-^) ... (1 - a2kU-^){l + (1 + a2fc+i)^"')(l + ^^"')"'))- 
Since ip from (j3.3p is an involution, we must have that 

(L((^i(zx)))«)« = L(((l - ain-i) ... (1 - a2k+iu-'){l + 1^-')-'))- 

Now suppose ^'-special element of (oi, . . . , a2k, — 1— a2fc+i) is aj for some j E {1, . . . , 2k}. 
So by Theorem [3?l8](oi, . . . ,02^+1) = (oi, . . . ,aj_i, -1- 0^,0^+1, . . . ,a2fc, -l-a2fc+i), 
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SO we must have that {aj, a2k+i) = {—^ — o-j,—^ — a2fc+i)- Since aj ^ —1 — a2k+i, we 
must have that a2k+i = — 1 — a2fc+i) which imphes that a2k+i = — | = — 1 — a2fe+i) so by 
Lemma [3TT6] the jj'-special element of (ai, . . . ,a2fe, — 1 — a2A:+i) is in fact —1 — 02^+1. □ 

Here is the classification of the finite dimensional irreducible representations of 
for even n > 2. 

Theorem 3.20 ([Ml Theorem 5.9]). Let n > 2 be even. Then the -module L{jx{u)) 
is finite dimensional if and only if (n) is well defined and any of the following four 
conditions holds: 

(i) /Ui(-n) =^ fii{u) fi3{u) > p,n-i{u), 

(ii) ^ /^i(^) ^ ^3(^^) ^ > Mn-i(n), 

(iii) ^i\{-u) =^ fi\{u) fisiu) ^ y fin-iiu), 

(iv) iiTT^i(-^) ^ /^i('") ^ ^3(^^) ^ ^ Mn-i(^t). 

In order to give a more combinatorial description of this classification we need the fol- 
lowing four lemmas. In each of the lemmas we assume for some 7(ti) € 1 + n~^C[[ii~^]] 
that 

fi{u) = -/{uy\l + ^u-^^l - am-i) ... (1 - a2fc+in-i) 

where 02^+1 is the (j'-special element of (ai, . . . ,02^+1) and a2i-i + a2i > for i = 
l,...,k. 

Lemma 3.21. Let fj.{u) be as above. Then fi{—u) )u(n) if and only if a2k+i > — |- 

Proof. Suppose fJ-i^—u) =^ fJ-iu). Since (1 - in-2)7(n)^(u) € C[u-'^], by Lemma [3l2] 
the list (oi, . . . , a2A:+i, ^) can be re-indexed as (61, ... , 62^+2) where 621-1 + ^21 > for 
i = 1, . . . ,k + 1. So 6j = ^ for some j. We assume that j is odd, the proof when j is 
even is similar. By Lemma [3. 161 ^j+i < a2k+i, so < + ^ < 02^+1 + ^■ 
To prove the converse note that 

7(^^)(1 - = (1 - aiu~^) ... (1 - a2k+iu'^){l - ^u'^), 

then apply Lemma 13.101 

□ 

Lemma 3.22. Let ^{u) be as above. Then |^7^m(— "u) =^ l^{u) if and only if a2k+i > 0. 
Proof. Note that 

I ! /^(~^) ^ ^(^) if and only if (1 - \u'^)^i{-u) ^ (1 + ^n~^)/i(u). (3.6) 

Suppose 2m+i M(~'") =^ /^(^)- So by Lemma [3 . 1 2 1 and ()3.6p . the set (ai, . . . ,a2fc+i)0) 
can be re-indexed as (61, ... , 62^+2) where 621-1 + 621 > for i = 1, . . . , A; + 1. So 6j = 
for some j. We assume that j is odd, the proof when j is even is similar. By Lemma 
13.161 6j+i < a2fc+i, so < bj+i < a2fc+i- 

The converse follows immediately from Lemma |3 . 1 1 and (j3.6p since 

7(u)(l + \u-^)^l{u) = (1 - aiu-1) ... (1 - a2fc+itx-i)(l - On-^). 

□ 

Lemma 3.23. Lei ^{u) be as above. Then ii\—u) =^ /^"(tt) if and only if a2k+i < —\- 
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Proof. This follows from (13.5p . Lemma 13.19^ and Lemma l3.21[ □ 

Lemma 3.24. Let f^{u) be as above. Then 2u+i ^^(~'^) ^ f^H'^) if o-nd only if a2k+i < 
-1. 

Proof. This follows from (I3.5p . Lemma 13.191 and Lemma l3.22[ □ 

Next we give the classification of the finite dimensional irreducible l^-modules for 
n odd. Note that for a highest weight representation of highest weight fl{u) € (1 + 
n"iC[[n"i]])("+i)/2^ by the relation (fZTB]) . we must have that /Uo('u) G l + u-'^'C[[u-'^]]. 

Theorem 3.25 ([Ml Theorem 6.7]). Assume that n G Z>o is odd. Then the Y^- 
module L{jl{u)) is finite dimensional if and only if either one of the the following two 
conditions holds: 

(i) Hoiu) fl2{u) ^ > fin-l{u), 

(ii) ^^Mu) l^2{u) > /in-l(u). 

4. Proof of the classification theorem 

In this section we prove Theorem 11.21 on a case by case basis. First we recall from 
the introduction that we associate A = (ajjjjg/,^ jg/^ G Tab„^i to an irreducible highest 
weight y-module L{A) with highest weight vector v by declaring that 

{u - ^ySi^i{u - = {u + ai^i-i){u + ai^3-i) . . . {u + ai^i-i)v 
if I is even and z > 0, or 

= (n + aj,i_/)(u + ai,3_/) ...(« + _2)(ii + o-ifi + '5j,o/2)(n + 04,2) ■ ■ ■ (u + ai^i^i)v 
if / is odd and i > 0. In other words, this means if 

L{A) = L{fl{u)) (4.1) 

and I is even then 

/Ui(n) = (1 + Ci,i_in"^)(l + Ci^3-iu'^) •••(!+ Ci^i-iU~'^) 
where Cij = + | for i G X„ n Z>o, J G X;. If / is odd then this means that 

Hi{u) = (1 + ^U-^)-\l + Q,l_iU-^)(l + Ci^3-lU~^) . . . (1 + Ci,l-lU-^) 

where = aij + ^^"^'^ i G X„ n Z>o, j G X;. 

Lemma 4.1. Theorem \1.2\ holds in the case that (p = —,e = +, n is even, and I is 
even. 

Proof. In this case, by (|l.ip . an irreducible highest weight l^-module L{fi{u)) factors 
through Ki if ^i{u) is a polynomial of degree / or less for all i G {1,3, ... ,n — 1}. 
Furthermore, if L{p,{u)) is finite dimensional then by Theorem 13.91 Lemma l3.5| and 
Lemma [3.121 we can write fii{u) = (1 + Cj^i_;n~^)(l + Cj^3_;n~^) . . . (1 + Ci^i-iu~^) for 
i G {1, 3, . . . , n — 1} such that cij + ci-j < for all j G X/ and Cij > Ci+2,j for all 
j G X/, i G {1, . . . , n — 3}. Now associate to this data the skew-symmetric n x I tableaux 
A = {aij)i^Xn,jeXj indicated by ()4.ip . that is Oij = Cij — | for i G {1, 3, . . . , n — 1}, 
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j G Ii, and aj j = —a-i -j for i E {1 — n, 3 — n, . . . , —1}, j S X/. Now it is clear that 

^eCol+,. 

It is also easy to see that given a skew-symmetric n x / tableaux A = {aij)i^x„,j£Xj £ 
Col^p that L{A) = L{j2{u)), where fl{u) is given by (j4.ip . is finite dimensional by 
Theorem 13.91 Lemma 13.41 and Lemma 13.101 □ 

Lemma 4.2. Theorem \1.S\ holds in the case that 4> = —,e = —, n is even, and I is 
odd. 

Proof. In this case, by (II. ip . an irreducible highest weight Y^-module L{fl{u)) factors 
through Ki if {l — ^u~^)^i{u) is a polynomial of degree at most / for all i £ {1,3, . . . ,n — 
1}. If L{fi{u)) is finite dimensional then by Theorem l3.91 Lemma [3. 51 and Lemma [3. 121 
for i G {1, 3, . . . , n — 1} we can write 

(1 - ^u-^)fii{u) = (1 + Ci,i_iU-i)(l + Ci^3~iu~^) • • • (1 + cu_in-i)(l + ^n-i) 

such that cifi < cij + ci__j < for 7^ j G X/ and Cij > Ci+2,j for j G X/, 
i G {1, . . . ,n — 3}. Now associate to this data the skew-symmetric n x / tableaux 
A = {aij)i<zx„jeij indicated by (fO]) . that is aij = Cij - § for z G {1, 3, . . . , n - 1}, 
j G Ii, and Oj j = —a-i _j for z G {1 — n, 3 — n, . . . , —1}, j G X;. Now it is clear that 

It is also easy to see that given a skew-symmetric n x / tableaux A = {aij)i^x„.jeij G 
Col~;, that L{A) = L{p,{u)), where p,{u) is given by (j4.ip . is finite dimensional by 
Theorem 13.91 Lemma 13.41 and Lemma 13.101 □ 

Lemma 4.3. Theorem \1.2\ holds in the case that (p = +,e = +, n = 2, and I is odd. 

Proof. By (jl.ip . an irreducible highest weight yg^'^odule L((/xi(u))) factors through 
Ki if (1 -|- ^u^^)fii{u) is a polynomial of degree / or less. Now if L{{ni{u))) is finite 
dimensional then by Theorem l3.14l and Lemma [3.15l (l+^tt~^)/ii (u) = {l+ci-iu~^){l+ 
c^-iu^^) . . . {1 + ci-iu^^) where Cj + C-j < for 7^ j G X^. Now associate to this 
data the skew-symmetric 2 x / tableaux A = {aij)i£X2,j&Xj indicated by (|4.ip . that is 
dij = cij — I for j G X;, and a_ij = —ai^-j for j G X^. Now it is clear that A G Col^^. 

It is also easy to see that given a skew-symmetric 2 x / tableaux A = {aij)i^x2,jeXj ^ 
Col^^, that L{A) = L((/xi(it))) where i^i{u) is given by by (|4.ip is a finite dimensional 
-module by Theorem 13.141 □ 

Lemma 4.4. Theorem holds in the case that (j) = +,€ = +, n > 2 is even, and I 
is odd. 

Proof. By (jl.ip the irreducible highest weight Y^-module L{fi{u)) factors through ki 
if iJ,i{u){l + ^u~^) is a polynomial of degree / or less for all i G {1, 3, . . . , n — 1}. So we 
can write ^ii{u) = (1 + Ci^i-iu~^){l + Cj^3_/ii~-^) . . . (1 + Ci^i-iu~^){l + ^u~^)^^ for all 
i G {1, 3, . . . , n — 1}. 

If L{fi{u)) is finite dimensional then we need to examine the implications from the 
four conditions in Theorem 13.201 separately. 

If condition (i) or condition (ii) holds from Theorem 13.201 then by Lemma 13.51 we 
can re-index each row of the matrix (cij)jg{i^3^...^„__i}jgi; so that 

- ci,o is the ti'-special element of {-ci^i-i, -01^3-1, -ci^i-i) (4.2) 
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and 

Ci,j > Ci+2j for j G li, z € {1, . . . , n - 3}. (4.3) 
If condition (i) from Theorem 13.201 holds then since 

(1 - ^n-2)^.(n) = (1 + ci,i_in"^)(l + Ci,3-«n"^) • • • (1 + Q,/_in-^)(l - ^-u"^) 

for alH € {1,3,... , n — 1}, we have by Lemmas 13.121 and 13.211 that can further re- index 
so that (]4.2p and (14. 3p still hold, cij + ci^_j < for / j G X;, and ci^o < \- Since 
C3,o < ci^o we now have that ci^o + C3,o < 1 

If condition (ii) holds from Theorem 13.201 then since (1 — u) ^ (1 + 

\ur^)m{u) = (1 + Cj,i_iii"^)(l + Cj,3_in"^) . . . (1 + Ci,/_i«"^), by Lemmas 13.121 and 
13.221 we can further re-index so that ()4.2p and ()4.3p still hold, cij + ci^-j < for 
7^ j G X;, and ci^o < 0. Since 03^0 < ci^o we now have that ci^o + C3,o < 0. 

If condition (iii) or condition (iv) holds from Theorem 13.201 then by Lemma 13.51 and 
()3.5p we can re-index each row of the matrix (cij)jg|i_3^ jgjj so that 

— cifi is the d'-special element of (— ci^i_i, — ci^3_/, . . . , — ci^i_i), (4.4) 
Cjj > Cj+2,i for / J G G {1, . . . ,n - 3}, (4.5) 
Ci,o > Ci+2,0 for i G {3, . . . , n - 3}, (4.6) 

and 

ci,o + C3,o < 1 (4.7) 
(here (j4.7p holds since /ii(it)'' pL^{u)). 

If condition (iii) holds from Theorem 13.201 then since (1 — ju'^^)^\{u) = (1 + 
a^i-iu-^) ... (1 + (1 - ci,o)u-^) . . . (1 + Ci,/_in-i)(l - \u-^), by Lemmas EIH] and [323] 
we can further re-index so that ([O]) . (|T5|) . (|MD, and ([iTP still hold, cij + ci _j < 
for 7^ j G X/, and ci,o > ^. Since —03,0 > ci,o — 1 we now have that ci,o — 03,0 > 
ci,o + ci,o - 1 > 0. 

If condition (iv) holds from Theorem 13.201 then since (1 — ^u~^);u5(— u) =^ (1 + 
\u'^ )ix\{ u) = (1 + Cj^i.^n"^) ... (1 + (1 - ci^o)^"^)) . . . (1 + Cj,i_in"^), by Lemmas 
[3T2] and KM we can further re-index so that (031), ([33]), (BilD, and (021) stiU hold, 
ci,j + ci_-j < for 7^ j G X;, and ci^o ^ 1- Since —03^0 > ci^o — 1 we now have that 
ci,o - C3,0 > ci,o + ci_o - 1 > 1. 

Now associate to this data the skew-symmetric n x / tableaux A = {aij)i^i„j<^ij 

indicated by (|4.ip . that is Ojj = — | for i G {1, 3, . . . , n — 1}, j G X;, and a^j = 
— a_j._j for i G {1 — n, 3 — n, . . . , —1}, j G X^, and now it is clear that A G Col^^ 

Now suppose that we are given A = (aij)jej„ jej^ G Col^^. Associate to A the tuple 
/z(u) G (1 + m-^C[[m-^]])''/2 as indicated by (jiT]) . where /Xi(u) = (1 + Ci,i_zu-i)(l -h 
Cj^3_.;u^^) . . . (1 + Ci^i-iu^^){\ + \u~^)~^ for all i G {1, 3, . . . , n — 1}. So we have that 
cij+ci _j < for / J G X/, ci,o+C3,o < 1, and > Ci+2,j for i G {1, 3, . . . , n-3}, j G 
Xi. Now it is clear by Lemma [3.41 that /xi(ii) l^-siu) — > • • • — ?> /i„_i(n). Since 
ci,o + C3,o < 1 and ci_o — 03^0 ^ 0, we have that 2ci^o ^ ^- If ci,o < | then by 
Lemma [3.211 jUi (—u) =^ ^i(u). If ci^o < then by Lemma [3.221 ^"y j /ii (— tt) ^ fJ'i{u). 
If Ci^o > 5 then by Lemma 13.231 fj!{(—u) =^ ^J'l{'u■). If Ci^o > then by Lemma 13.241 
2m+i /^i(~^) =^ /^i('")- So in order to apply Theorem 13.201 to prove that L{ji{u)) is 
finite dimensional, we need to establish that //|(u) — )• fJ^s^u) in the cases that ci^o > ^ 
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and cifl > 0. By (13.5P the only thing we still need to establish is that ci^k + cs^fc < 1 
where —ci^k is the ji'-special element of (— ci^i_;, —C3-1, . . . , — q_i). If fc = then we 
are done, so assume A; / 0. By Lemma [3.161 we have that ci^k < ci^o- If c^^k < c^fi, 
then ci^fc + cs.fc < ci^o + C3,o < l, hence the lemma is proved. If c^^k > £3,0 then we can 
re-index the rows of {ci,j)iG{i,3,...,n-i},jeii W interchanging Ci^k with Cj^o for all i € I„, 
z > 1. Now we have that ci^k + cs^k < 1, so n\{u) ^J^siu), so L{A) is finite dimensional 
by Theorem 13.201 □ 

Lemma 4.5. Theorem holds in the case that (j) = +,e = —, n is even, and I is 
even. 

Proof. Let e' be a nilpotent element in 0^(-^_^^j so that the Jordan type of e' is ((/ + 1)"). 

By Corollarv 12.21 everv ?7(0, e)-module is a [/(g^^^^-i^^ e')-module, so we need only 

determine which finite dimensional irreducible ?7(0^^j_|_-^p e')-modules factor through 

C- By P-ip the finite dimensional [/(g^^^^-^^, e')-module L{jl{u)) where = (1 + 

Ci^-iu~^){l + Ci^2-/'U~"^) . . . (1 + Ci^iu~^){l + |n~^)~^ factors through ( precisely when 
/Xj(n) is a polynomial of degree / or less for all i G {1, 3, . . . , n — 1}. This implies that 
for all i E {1, 3, . . . , n — 1} there exists k £ Ii+i such that Ci^k = 1/2. Now if is the 
skew symmetric n x (Z + 1) tableaux associated to this data as in (14. ip . then we can 
permute entries within rows so that has middle column 

n Ti Ti 

2 -1, 2 -2'---'l'0'0'-l'-2,---,l- 2' 

which implies the lemma. □ 

Lemma 4.6. Theorem holds in the case that (/> = +, e = +, n is odd, and I is odd. 

Proof. By (jl.ip we have that an irreducible highest weight l^-module L{p.{u)) fac- 
tors through m if ^i{u){l + \u~^) is a polynomial of degree / or less for all i G 
{1, 3, . . . , n — 1}. So for alH € {1, 3, . . . , n — 1} we can write /Uj(n) = (H-Ci^i_/n~^)(l -|- 
Cifi-iW^) . . . (1 + Cj^i_iii"^)(l + ^u^^)^"*^ for alH G {1, 3, . . . , n — 1}. Additionally, since 
/Uo(n) G 1 + u^^C[[ti^^]], we must have that ^q{u) is a polynomial of degree / — 1 or 
less, and we can re-index so that 

co,j = -co-j for ^ j G and co,o = ^- (4.8) 

If condition (i) holds from Theorem 13.251 then by Lemma [3. 5 1 we can re-index so that 
(|4.8p holds and Cjj > Ci+2j for z G {0, 2, . . . , n — 3}, j G 2"/. In particular, we now have 
that ^ > C2,o > C4,o ^ ■ ■ ■ ^ Cn-ifi. Associate to this data the skew-symmetric n x / 
tableaux A = iaij)i^x„,j£ij where ao,o = 0, Ojj = - | for i G {0, 2, . . . , n - 1}, 
j G Ii, {i,j) / (0, 0), and Uij = -O-i-j for i G {1 - n, 3 - n, . . . , -1}, j G Z/. Now it 
is clear that A G Col^^. 

If condition (ii) holds from Theorem 13.251 then ij,o{u) — ?> (1 + ^u^^)id2{u) ^ (1 + 
^u~^)^4{u) —)••••—)• (1 + ^u~^) fj,n-i{u) . So by Lemma [331 we can re-index so that 
()4.8p holds, > C2,o > Q.o > ■ ■ ■ > Cn-ifl, and > Cj+2j for z G {0, 2, . . . , n — 3}, 
^ J G Ii. Associate to this data the skew-symmetric n x / tableaux A = {aij)i£Xn,jeij 
where ao,o = 0, ajj = aj - § for f G {0, 2, . . . , n - 1}, j G Z/, (z,j) / (0,0), and 
aij = —O-i-j for i G {1 — n, 3 — n, . . . , —1}, j G I;. Now it is clear that A G Col^j. 
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Now suppose we are given A = (aij)igi„ jgi^. € Col^^. Associate to A the tuple 
fl{u) € (l + 'u-iC[[u-i]])("+^)/2 as indicated by (03]), where Hi{u) = + + 
Ci^3-iu-^) . . . (l+Ci,/_in-i)(l + iu-i)-i for alii € {0, 2, . . . , n- 1}. Nowif C2,o S ^Z\Z 
then by Lemma [37il ^n(u) — )• fj,2{u) —)••••—)• and if C2,o G ^ then by Lemma 

13.41 2^"i /^o(^) — ^ M2('") ^ ^4('") fin-i{u), SO L{jl{u)) is a finite dimensional 

-module by Theorem 13.251 □ 

Lemma 4.7. Theorem \1.2\ holds in the case that <j) = +,e = —, n is odd, and I is even. 

Proof. Mimic the proof of Lemma 14.51 □ 

5. BGK HIGHEST WEIGHT THEORY FOR RECTANGULAR FINITE PF-ALGEBRAS 

In this section we show that certain irreducible highest weight U (g, e)-modules as 
defined in |BGK] are isomorphic to the U{q, e)-modules L{A) for A £ Row„^/, provided 
one makes the right choices in defining the irreducible highest weight U{q, e)-modules 
from |BGKj . Throughout this section, unless otherwise indicated, g denotes an ar- 
bitrary reductive Lie algebra over C, and e G g is a nilpotent element for which the 
grading from (j2.ip is even, though all the results we mention hold in general. Refer to 
[BGKj for the general results. 

5.1. Highest weight theory for U{Q,e). In jBGKj Brundan, Goodwin, and Klesh- 
chev define the notion of a highest weight U{q, e)-module. The key to this is a reductive 
subalgebra 30 of g which contains e. This leads to the "smaller" finite VK-algebra 
U{qo, e) which plays the role of a Cartan subalgebra in defining highest weight modules. 

To define go, first choose t, a maximal toral subalgebra of g, so that it contains h 
and so that t*^ is a maximal toral subalgebra of g^ PI g(0). For a G (t*^)* let g^ denote 
the a-weight space of g. So 

= 50 © 5q, 

where go is the centralizer of t*^ in g and C (t*^)* denotes the set of nonzero weights 
of on g. Thus we have defined go, which is now a minimal Levi subalgebra of g 
containing e. 

Next we choose a Borel subalgebra b of g containing t, and let denote the 
corresponding set of positive roots. Let c\ = Qo + b, which is a parabolic subalgebra of 
g with Levi factor go. For each simple root a G ^>''', the corresponding root space of g 
must lie in go or the nil-radical of q. It follows that g^ C q or Q—a — q foi" each a G *I*^. 
Define = G ^I**^ | g^ C q}. This defines the dominance order > on (f^)*: A > /i 
if A - /i G Z>o<I>+, and it is now the case that = U 

Let a be g,g'^, or p, and for a G (t*^)* let denote the a-weight space of a. Let 
a± = 0a6$| (^a, so a = a_ e ao © 0+ and U{a) = ©„£z*<= U{a)a. In particular, U{a)o 
is a subalgebra. Let U{a)^ denote the left ideal of U{a) generated by the roots spaces 
aa for a G Similarly let U{a)\, denote the right ideal of U{a) generated by the 
roots spaces for a G <I>i. Let C/(o)o,jt = C/(o)o H ?7(o)j, and U{a)\,^Q = [/(a)o H [/(a)i,. 
Now the PBW theorem implies that C/(a)o,tt = U{a)[,fi, hence C/(o)o,tt is a two-sided 
ideal of U{a)o. Moreover, ao is a subalgebra of a, and we actually have that U{a)o = 
C/(oo) ©C/(o)o,j. Let 

vr : U{a)o U{ao) 

be the algebra homomorphism defined by projection along this decomposition. 
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It is easy to see that 

fQU{Q,e) (5.1) 
since {[m,t],e) = for all m € tn, t € t"^. Recall that the good filtration on U{Q,e) is 
defined in ^2.21 and that grC/(g,e) = U{q'^). The following theorem is due to Premet 
in [PT] : 

Theorem 5.1. There exists a i^-equivariant injection : g*^ ^ C/(g,e) suc/i t/iai 
grG : g*^ ^ U{q^) is the natural embedding. 

It should be noted that is not a Lie algebra homomorphism. 

Let hi, . . . ,hi be a basis of Qq. Let /i, . . . , /m, and ei, . . . , be t^-weight bases 
of gl and respectively, such that /j is of weight — 7j, and is of weight 7^ for 
7i>---:7m G For i = l,...,m, j = 1,...,/, let i^, = Q{fi),Ei = 9(ei), and 

Hj = e{hj). For a G Z^'g, let = Ff^ • • • -F^". For b G c G Z'^q define F*', 
similarly. Theorem 15.11 implies that the following is a PBW basis of f7(g,e): 

Let C/(g,e)|j be the left ideal of C/(g,e) generated by {Ei, . . . ,Em}- Let C/(g,e)t, be 
the right ideal of C/(g, e) generated by {Fi, . . . , Fm}- Let C/(g, e)oj = U{q, e)jnC/(g, e)o. 
Let ?^(0,e)t,^o = f^(0)6)b n C/(g,e)o. Now from the above PBW basis it is clear that 
U{Q,e)o^ij = C/(g,e)i,^0) ™d so f7(g,e)o,it is a two-sided ideal of C/(g,e)o. 

Let 5i, . . . , 6r be a homogeneous basis for m such that bi is of degree —di and t- weight 
(3i €t*, and let 

7= ^ ft. (5.2) 

l<i<r 

By [BGKl Lemma 4.1], 7 extends uniquely to a character of po- Let S--y : f/(po) ^ 
C/(po) be defined by ^-^(x) = x — 7(x) for x G pO; so an algebra isomorphism. 

Theorem 5.2 f |BGKl Theorem 4.3]). The restriction of S-^ o vr : C/(p)o ^ C/(po) to 
U{Q,e)o defines a surjective algebra homomorphism 

TT-^ : U{Q,e)o U{Qo,e) 

with ker 7r_^ = U (g, e)o,jj . 

For a C/(g, e)-module 1/ and A G (f^)* let 

T/;^ = {z; G y I (t + -r{t))v = X{t) for ah t G F}, (5.3) 

recalling that t*^ is naturally a subalgebra of C/(g,e) by (|5.ip . Now it is the case that 
U{q, e)aVx C Vx+a, so Vx is preserved by U{q, e)o. We say that Vx is a maximal weight 
space of V if C/(g,e)jjyx = 0. Assuming this is the case, the action of [/(g,e)o factors 
through the homomorphism 7r_^ from Theorem 15.21 thus Vx is also a [/(go, e)-module. 
Since can naturally be considered a subalgebra of U (go, e) by (|5.ip again, restricting 
the action of [/(go,e) on Va to gives a new action of on Va satisfying 

t.v = X{t)v for all t G 

(which is why the shift by 7 is included in the definition of the A-weight space of a 
?7(g, e)-module from (|5.3p ). 
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A U{q, e)-module is a highest weight module if it is generated by a maximal weight 
space Vx such that Vx is finite dimensional and irreducible as a [/(goj e)-module. Let 

{^A I A G C} 

be a complete set of isomorphism classes of finite dimensional irreducible U{QQ,e)- 
modules for some indexing set C. Since C/(g,e)j is invariant under left multiplication 
by C/(g,e) and right multiplication by C/(g,e)o, we have that C/(g, e)/C/(g, e)j is a 
(L'"(g, e), [/(g, e)o)-bimodule. Moreover the right action of C/(g,e)o factors through 
the homomorphism 7r_^ from Theorem 15.21 Thus we have that C/(g, e)/C/(g, e)n is a 
([/(g, e), [/(go, e))-bimodule. For A E £, define Af(A,q), the Verma module of type A 
via 

M(A, q) = U (g, e)/U (g, e)j <S)uiso,e) Va- 
By [BGKl Theorem 4.5] M(A, q) has a unique maximal proper submodule R{A,q). 
Let L(A,q) = M(A, q)/i?(A, q). Now also by |BGKl Theorem 4.5] we have that 
{-L(A, q) I A G £} is a complete set of isomorphism classes of irreducible highest weight 
modules for C7(g,e). Let 

= {A e £ I dimL(A,q) < oo}. 

By [BGKl Corollary 4.6], {L(A, q) [ A G £+} is a complete set of isomorphism classes 
of finite dimensional irreducible [/(g, e)-modules. 

Unfortunately, an explicit set C parameterizing the finite dimensional irreducible 
[/(go, e)-modules is unknown in general. In the next subsection, we focus on a special 
case in which such a parameterization is available. 

5.2. The case that e is regular in go. We assume in this section that e is a regular 
nilpotent element of go. hi this case, Kostant showed in [Kl §2] that [/(go,e) = ^(go)- 
In turn, by the Harish-Chandra Isomorphism, .Z'(go) = S{t)^° where Wq is the Weyl 
group associated to go. We state this more precisely in the following lemma. Let 

^ = ^ Yl " + ^ Yl 

Qe<I> l<i<r 

where the /3j are defined as in (j5.2|) . The following lemma is essentially |BGK[ Lemma 
5.1]: 

Lemma 5.3. Let ^ : U{Pq) S{i) be the homomorphism induced by the natural 
projection po t. Let S-rj : S{i) S{i),x x — r]{x) for x G t. Then the map 
^-rj := S-r) o ^ defines an algebra isomorphism U{go,e) — )• 5(t)^°. 

Since S{t)^° is a free polynomial algebra, we have by the isomorphism from Lemma 
15.31 that C = t* /Wq = m-Spec(5'(t)'^''). In this case we can describe the subset 
of jC, corresponding to the finite dimensional irreducible U{qq, e)-modules A for which 
L(A, q) is finite dimensional, in combinatorial terms. Recall that we have fixed a Borel 
subalgebra b of g containing t, and is the corresponding set of positive roots. Let 
$0" = {a G I ga ^ go} denote the resulting system of positive roots for the Levi 
subalgebra go of g. For A G I* let L{X) denote the irreducible C/(g)-module of highest 
weight X- p, where p = ^ Y^ae<s>+ 
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Theorem 5.4 ( |BGKt Conjecture 5.2], proved by Losev in |Lo3| ). For A e C pick 
A € A such that (A, a^) ^ Z>o for all a € Then L(A,q) is finite dimensional if 
and only i/ V.4(Ann[/(g)L(A)) = G.e. 

Remark 5.5. In the course of this work we also understood how to apply the results 
of this chapter and the algorithms for calculating V^(Ann{7(g)L(A)) from |BVj to 
independently verify that Theorem 15.41 holds in these cases. In fact it is possible to 
use Losev's proof of Conjecture 15.41 and (jl.ll) to recover Molev's classification of the 
finite dimensional irreducible representations of Y from the classification of the finite 
dimensional irreducible representations of U{Q,e) obtained via BGK highest weight 
theory. 

5.3. BGK highest weight theory for rectangular finite I^-algebras. In this 
subsection we show how to identify the irreducible U (g, e)-module L{A) for A € Row„^/ 
with a BGK highest weight module. For a rectangular finite VK-algebra U{q, e) we have 
that e is regular in goi so Theorem 15.41 applies to these finite VF-algebras. 

First we need to fix choices of t, a Cartan subalgebra of g, and b, a Borel subalgebra 
of as in i j5.2[ We let t be the span of diagonal matrices in g. We choose our Borel 
subalgebra b by specifying a system of positive roots. For a € Tni let G t* be the 
restriction to t of the diagonal coordinate function of Qni given by ea(ef,^b) = 5a^h- If 
e = — (so nl is even) our positive root system is 

= {ea - efe I a,6 G Z„i,row(a) < row(6)} 

U {ea — efc I a, 6 S Z„i,row(a) = row(6), col(a) < col(6)}. 

If e = + then 

= {ea - £{, I a,fe e X„i,row(a) < row(6),a / -b] 

U {ea — e;, I a, 6 € row(a) = row(6), col(a) < col(6), a / —6}. 

Let b be the Borel subalgebra of g corresponding to this choice of positive roots. 

Next we give an explicit basis for f^, the centralizer of e in t. In [Blj Lemma 3.2] a 
basis for g^ is given in terms of certain elements {/ij;r}, where fi^j-r is nilpotent unless 
r = 0. So by [Bl^ Lemma 3.2] a basis for is given by 

{fi,ifl \ i ^^n nz<o}. 
More explicitly, for i & In we have that 

fi,i;0 ~ ^ ^ fa,a- 
row(a)=i 

Next we give basis for (t^)*. Let 6i G (t*^)* be defined via Si{fjj^-o) = dij for i,j € X„, 
i,j < 0, and for i > let 5i = —S-i. 

Now go is the span of {fa,b [ o, 6 G X„;, row(a) = row(6)}, so 

{®n/2 .r 
g^ if n IS even; 

g^egf^"-'^/' if n is odd. 
We also have that the parabolic q = b + go is the span of 

{fa,b I a,6 G Z„i,row(a) < row(6)}. 
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Note that for a, 6 € InU we have that fa,b € fl.s.owCfcj-^rowCa) • Thus 

^\ = {5i-5j \ eln,i<j}. 

RecaU for i,j G Z„ that there is a map Sij : T(qi) U{q) defined in ()2.23p . This 
definition makes it clear that for any v £ T{qi), Sij{v) € U{q)sj-s.. Thus we can 
exphcitly state a choice for the f^-equivariant map : g*^ — t- {7(g,e) from ()5.ip : For 
i,j e In, r > we set Q{fij-r) = Thus {sij{ujr+i) I r > 0,i,j € X„,i < j} 

generates the left U{g,e) ideal L''(g,e)jj. 

Recall the homomorphisms 7r_^ : C/(g,e)o U{go,e) from Theorem 15.21 and : 
C/(go,e)^S'(t)^o from Lemma ESI These maps make every 5(t)^o-moduleaC/(g,e)o- 
module. We need to calculate the action of Si^i{u}r+i) on a ^(t) ^"-module, so we need 
to calculate S^-rj o Tr-^{si^i{ujr))- We do this with a series of lemmas. 

For i € Z let z = — i. This lemma is a special case of [Bit Lemma 4.1]: 

Lemma 5.6. For i,j G In,p,q € Ii 

~\~ f'i ^h,—i^v,—pS—j^k{(i—q,w) ~l" ^—j,k^w,—qSh,—i(,(^v,—p)\ 



where 



(5.4) 



' ^ip+ip+jq+jq^p+q ifp^g^ Q; 

^ip+ip^P+j ^jp_^o, g = 0; 

ifp,q = 0. 

Note that Si^i{uJr) is a linear combination of monomials of the form 

where ij € Z„ for j = 1, ... ,m — 1, pi < qi for i = 1, . . . ,m, and (/j < pi+i for 
i = 1, . . . ,m — 1. So to calculate ^-rj o 7r_^(si^i(wr)) we first prove a lemma about 
applying tt : U{p)o ^ U{po) to such monomials. 

Lemma 5.7. Let 

V = •Si,il(epi,(Jl)'Sij^,j2(ep2,(J2) • • • ■Sim-l,«(^Pm,gm) 

6e as in (|5.5p . If i >0 then tt(v) = unless ii = Z2 = • • • = im-i = ^• 

Proof. For uniformity, let io,im = i- The key fact used repeatedly in this proof is 
that if u; = Sji,j2(eri,r2) • • • •5jfc,ife+i(erfc,rfe+i) e C/(p)o satisfies ji > 32 or jfc < jfe+i then 
w € C/(p)o,tt = ^^(p)b,o, so 7r(u;) = 0. 

By Lemma 15.61 we see that each term Si-_^^i.{ep.^q.) of v commutes with all terms 
«ifc-i,*fe(epft,gfc) ^ unless pfc = qj, qu = Pj, Pk = -Pj, or qk = -qj. 

Suppose that there exists j such that ij-i < ij and Pj,qj > 0. Then Si^_^^i^{ep.^q.) 
commutes with every term to its right, so ti{v) = 0. Next suppose that there exists a 
j such that ij-i > ij and pj, qj < 0. Then Sij_^^i.{ep^^q.) commutes with every term to 
its left in v, so t:{v) = 0. So 7r(t>) = unless v satisfies ij-i < ij if qj < and ij-i > ij 
if Pj > 0, so for the rest of this proof we assume that this is the case. 

Now suppose that there exists a j such that pj < 0, qj > and ij^i < ij. Then 
for all k we must have that > 0. Note that Si._^^i.{ep.^q.) must commute with 
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every term to its right unless there exists k > j such that pk = —Pj- In this case, 
[sij-i,ijiepj,qj),Si^_^^if^{ep^^q^)] is a multiple of s-ij^ii^{e-qj^q^), which commutes with 
every term to the right of Si^_^^i^{ep^^qj,). Furthermore since ij > and ife > we have 
that —ij < ik- Thus ^{v) = 0. 

Next suppose that there exists a j such that pj < 0, qj > and ij-i > ij. Then 
for all k we must have that > 0. Note that Si._-^^i^{ep.^q^) must commute with 
every term to its left unless there exists k < j such that qk = —Qj- In this case, 
[sik-i,iki^Pk,qk)^ Sij-i,ijiep.j,qj)] is a multiple of Si^._i (ep^ _pj, which commutes with 
every term to the left of Si^_^^i^{ep^^q^), and it also satisfies > —ik-i- Thus 
■n{v) = 0. 

So for the rest of the proof we will assume that if there exists a j such that pj < 
and qj > then = ij. 

Let j be such that ij-i < ij and ij is maximal in {ii, . . . , im}- Now it must be the 
case that qj < 0. Since ifc > for all k, by Lemma 15.61 Sij ^ j. icp. q. ) must commute 
with every term to its right unless i = 0. So if i ^ 0, then 'k{v) = 0, so assume 
that i = 0. Even in the case that 2 = 0, since ij > we still have that Si._^^i.{ep^^q.) 
commutes with every term to its right unless there exists ak > j such that pk = —pj ■ In 
this case, [si._-^^i-iep.^q^), Si^_-^^^ii^{ep^^qf^)] is a multiple of S-i.^i^{e-q.^q^) which commutes 
with every term to the right of Si^_^^i^{ep^^q^). Furthermore, —ij < ik since ij > 0, so 
Tr{v) =0. 

Thus we have proven that tt{v) 7^ if and only if zq = ii = 12 = ■ ■ ■ = im = i- D 
Observe that if 

V = 51,11 (Cpi,gi)Sii,i2 (Cp2, 52) • • • ^im-l,ii^Pm,qm) S ^(Po) 

then 

(,{v) =0 unless pj = qj for j = 1, . . . , m. (5-6) 

Lemma 5.8. Let i € Z„ n Z>o,p € Ii- Then 

Si,i(ep,p) + § if P 7^0; 

Si,i(ep,p) + § - f ifp = 0,i^O; 

Proof. Recall that the weight 7 is defined by choosing a weight basis {bi, . . . ,5^} for 
m, where each bi is of weight /3j € t*. A natural basis to choose is 

{fa,b \ a,b & Inh (^i b) is admissible, col(a) > col(6)}, 

where (a, b) is admissible ifa + 6<0ife = l and a + 6<0ife = —1. Note that fa,b 
is of weight ea — e^. Recall that 7 is now defined by 

7= E A- 

l<i<r 



S —rjiS ~-'y{si^i{ep^p + PpY)) 



Thus in these cases 



«l. (5.7) 



col{a)>col(6) 
row(a)>row{b) 
(a, 6) is admissible 
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So we have for a € Inl that 

RA(a)CL(a) — RB(a)CR(a) — e if a is in the lower right quadrant; 

l{fa,a) = \ RA(a)CL(a) — RB(a)CR(a) + e if a is in the upper left quadrant; 

_RA(a)CL(a) - RB(a)CR(a) otherwise, 

where RA(a) denotes the number of rows occurring strictly above the number a in the 
n X / array used to define C/(g,e) in §2.21 RB(a) denotes the number of rows strictly 
below a, CL(a) denotes the number of columns strictly left of a, and CR(a) denotes 
the number of columns strictly to the right of a. Also, to be clear, by lower right 
quadrant we mean the boxes in the array from ^2.21 which are in positions (i, j) where 
row(i), col(j) > 0, and similarly for upper left quadrant. In calculations below we use 
the following simplification: 

RA(a)CL(a) - RB(a)CR(a) = \{{n- 1) col(a) + (/-!) row(a)). 

Now we turn our attention to the shift 5^. Recall that rf = ^1]! + \r}2 where 

= ^ a and 772 = ^ ft- 

l<i<r 

"It'^e*^ /3i|tE=o 

Now we calculate for a € X^i that 

rji = /(RB(a) — RA(a)) + (5j^osgn(z) = — /row(a) + 5ifiSg'a.{i). 

where i = row(a). Also we calculate using the fact that CL(a) — CR(a) = col(a) to get 
that 

col(a) if row(a) 7^ 0; 

%(/a,a) = s col(a) — e if row(a) = 0, and col(a) > 0; 

col(a) + e if row(a) = 0, and col(a) < 0. 

Now we are ready to calculate 7(/a,a) + fl{fa,a)- If o is in the lower right quadrant 
then we calculate using the above results to get that 

7(/a,a) + ?/(/a,a) = ^((^ " 1) col(a) + (/-!) row(a)) - e 

+ ^(-/row(a) + e) + ^ col(a) 

= 2 ^ col(a) — row(a)). 

Similar calculations show that if a is in the bottom half of the middle column then 
7(/a,a) + ri{fa,a) = ^(e + ncol(o) -row(a)), 
if a is in the right half of the middle row then 

7(/a,a) + V{fa,a) = ^(-e + ncol(a) - row(a)), 
and if a is in the upper right then 

7(/a,a) + r]{fa,a) = ^("6 + ncol(a) - row(a)). 
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So in all cases we have that 



p,pj I 2 

Si,i(ep,p) + § - f if p = 0, i / 0; 
Si,i(ep,p) ifp,i = 0. 



n 



(r) 

Let -Ej^ denote the rth elementary symmetric function in 

{fa,a + '^"^^"^ I a G row(a) = z, col(a) G X;}. 
Recall the definition of Ur from (|2.27p 
Lemma 5.9. Let i G In If i> ^, Oind I is even then 

S-n O TT_y{Si^i{uJr)) = Ef\ 

If i >0 and I is odd then 

r-l 

S.r, o 7T.^{Si4uJr)) = ^ (-2e)'sf "^^ 
1=0 

Proof. If / is even then by Lemma 15. 7| (|5.6|) , and Lemma 15.81 we have that 

S-r, o vr_^(sj,j(a;(n)) = Sj,j(n + ei_i,i_j + i/2) . . . Si^i{u + ei_i^i_i + i/2) (5.8) 

so the lemma holds in this case. 

Now we consider the / odd case. Let 

Pi{u) = Si^i{u + ei_/,i_/ + i/2) . . . Si^i{u + e_2 -2 + i/2) 

X Si^i{u + eo,o + i/2 - e/2)si^i{u + 62,2 + i/2) + ... Si^i{u + ez_i,z_i + i/2), 

and 

Qi(n) = Sj,j(n + ei-i^i-i + i/2) . . . Si^i{u + e_2 -2 + i/2) 

X Si,i(eo,o + i/2 - e/2)si^i{u + 62,2 + i/2) + ... Si^i{u + ei-i^i-i + i/2). 

So 

00 

S-r^ ° 7r_^(si,i(w(u)) = Pj(u) + y^^{-2eu)~'^Qi{u). 

r=l 

Observe that P^{u) = Pl{u) - ^Pl'iu) and Qi{u) = Q'^iu) - f i^"(u) where 

Pliu) = s,4u + ei_,,i_, + i/2) . . . s,4u + e_2,_2 + i/2) (5.9) 
X Si^i{u + eo,o + i/2)si^i{u + 62,2 + i/2) . . . Si,i(n + e/_i,/_i + i/2), 

Pi{u) = Si^i{u + ei_z,i_z + i/2) . . . Si,i(n + e_2 -2 + i/2) 

X Si,i(ii + 62,2 + i/2) . . . Si^i{u + ei-i^i-i + i/2), 

and 

Q'i{u) = Si^i{u + ei_/,i_/ + i/2) . . . Si^i{u + e_2 -2 + i/2) 

X Si,i(eo,o + i/2)si,j(n + 62,2 + i/2) . . . Si^i{u + ej_i,«_i + i/2). 

Also observe that 

Pl'iu) + -Q[iu) = -Pliu). 
u u 



So 
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P,(n) - ^g,(n) = Pliu) - '-Pl'{u) - ^Q[{u) + ^P^' {u) 



Pl{u)-^P,{u). 
2u 



Thus 



S-^ri o TT^^{si^i{uj{u)) = Pi{u) + ^(-2eu) ''Qi 



r=l 

oo 



r=2 

oo 



Pliu) - ^P,{u) - f Y.^-2eurQ,{u) 



2u ' ' 2u 

r=l 



oo 

Piiu) - ^ ( P^{u) + j;(-2en)-'-Q,(u) 

r=l 



So we have that 

oo / oo \ 

Pi{u) + Y,{-2eu)-'Q,{u) = P[{u) - ^ Pi{u) + ^{-2eu)-'~Q,{u) , 

r=l \ r=l / 

and solving this equation for 

oo 

P^iu) + Y,{-2eu)-'Q,{u) 

r=l 

gives that 

oo 

S-r, o 7r_^(si,i(w(n)) = Y,i-2eu)-''Pl{u), (5.10) 

r=0 

which imphes the lemma. □ 

Now we explain how irreducible highest weight [/(g, e)-modules under the BGK 
highest weight theory are related to the irreducible highest weight U{q, e)-modules 
from Theorem 11.21 To each skew-symmetric n x / tableaux we associate an element of 
t* in the following way. For each A = {aij)i^x„,j€Xi £ Tab^^/ we define the weight 

•^A = ^ «row(b),row(6)e6 ^ ^* ■ 

6ex„,nz>o 

Under this association, t* = Tab„_;, and t* /Wq = Row„j. Let A^^ denote the one- 
dimensional C/(0O! e)-module obtained by lifting the one-dimensional 5 (t)'^° -module 
corresponding to Xa through 

Theorem 5.10. Let A G Row„,i. Then L{A) = L{Aa, q). 
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Proof. First note that L{A) is a BGK-highest weight module, since if f is a highest 
weight vector for L{A) then Sij{u!r)v = when i < j and Si^i{u~^u!{u))v = Hi{u) for 
some fj.i{u) S 1 + u^^C[[n^-'^]]. Next by conferring with the definition of L{A) in §1, 
(|2.28p . (|5.8p . (|5.9p . and (|5.10p we see that the action of Si,i(n~'a;(n)) on the highest 
weight vector for L{A) and on the the highest weight vector for L{Aa, q) are the same. 
Thus the theorem follows from [BGK^ Theorem 4.5]. □ 

6. Action of the Component Group C 

In this section we show how to explicitly calculate the action of the component 
group C = CG{e)/Cg{e)° = Ccie^h, f)/CG{e,h, f)° on the set of finite dimensional 
irreducible [/(g, e)-modules. Here CG{e,h,f) denotes the centralizer of the s[2-triple 
(e, h, f) in the adjoint group G of q. Recall Losev's near classification of finite di- 
mensional irreducible representations of U{Q,e) from the introduction: there exists a 
surjective map 

t : Primfin?7(g,e) Prim^C/(0), 
and the fibers of this map are precisely C-orbits. 

In our special cases we can calculate explicitly the action of C on the set of fi- 
nite dimensional irreducible C/(g, e)-modules, and therefore on Primfiii{7(g, e). By [Ul 
Chapter 13] the only cases where C is not trivial are the cases when e = — , and n 
and I are both even; so unless otherwise indicated we assume this for the rest of this 
section. 

Recall that in §2.21 we introduced an n x Z rectangular array to specify coordinates. 
Now we claim that 

C = ^ ea,a + ^ ea,b + eb,a 

aGlni a,b€X„i 
row(a)^{±l} col(a)=col(b) 
row(a)=l 
row(b)=— 1 

generates C. To see this note that conjugating with c simply transposes each pair 
of indices a,b G Ini where col(a) = col(6), row(a) = l,row(6) = —1. Since this 
is an even number of transpositions, we have that detc =1. It is also clear that 
c.J~.c = J~ (recall that g is defined with J~ in (12. 4|] ) since for a G Ini H Z>o we 
have that c.e-a,a-c = e-bfi and c.ea-a-c = eb-b for some h G Tni H Z>o. Thus we have 
that c € G. Furthermore, c.h.c = h (see (12.81) for the definition of h) since for a G Ini 
c.ea,a-c = ebfi for some b such that col(6) = col(a). Next note c.e.c = e (see (j2.6p for 
the definition of e) since for a,b € Ini such that row(a) = row(6), col(a) + 2 = col(6), 
c.fa,b-c = fa,b if row(a) ^ {±1}, and if row(a) = 1 and col(5) > 1 then c.fa,b-c = fa',b' 
where col(a') = col(a), row(a') = —1 and col(6') = col(6), row(6') = —1. So we have 
that c G Gcie, h, f). Next we show that c ^ Gcie, h, f)° . By [Jj §3.8] we have that 
CG{e,h,f) ^ 0„(C). Next observe that Gcih) ^ GL„(C)^'/2 (confer ^M)), and 
that the projection of c into any of these copies of G-L„,(C) has determinant -1, thus 
c ^ Gcie, h, f)°. Therefore G = (c). 

To understand the action of G on the set of finite dimensional irreducible U{q, e)- 
modules, we calculate the action of G on {pr Sij{uj{u)) \ i,j G In}. Recall the definition 
of Si J from (j2.2ip . Note that c.Sij{ep^p) = Siij'{ep^p) where i' = i \i i ^ ^' = ~^ 

otherwise. Thus c. pr si^i(w(ii)) = pv s-i-i{uj{u)), and c.pv Si^i{uj{u)) = pr Si^i{uj{u)) 
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for i ^ {±1}- Since by Theorem 12.31 miSi jiu) = fj,{sij{uj{u))), we see that the action 
of c on the U{q, e)-module L{A) is the same as the action of ip. 
We can now prove Theorem 11.31 

Proof. We have that L{A) = L{A'^) = L{fl{u)) as F^-modules where /Xj(u) = (1 + 
^u~^)^^{l + Ci^^iu~^){l + Ci^2-iu~^) . . . (1 + Ci^iu^^) are given from (j4.ip . Since /Xj(n) 
must be a polynomial of degree at most k, we must also have for each i G {1,... ,n— 1} 
that Ci^k = \ for some k. After re-indexing we may assume that ci.o is the (j'-special el- 
ement of (ci _i, . . . ,cij). By Theorem [3Tl8]L(/i(n))'' = L{{ii\{u) , ^jl2{u) , ■ ■ . , fin-i{u))), 
where n\{u) = {1 + ^u-^)-^{l + ci^^iu-^) . . . (1 (1 - ci,o)n"^) . . . (l + ci^iu-^). So the 

skew symmetric n x / tableaux B = (bij) associated to L{{fj\{u), iJ2{u), ■ ■ ■ , fJ-n-iiu))) 
by (jrij) satisfies 6i,o = -1/2 + (1 - ci,o) = -1/2 + (1 - (ai,o + 1/2)) = -ai,o, and 
6ij=aijforall(i,j-)/(±l,0). ' ' ' □ 

Throughout this paper G denotes the adjoint group associated to g. It will be useful 
in future work to consider the action of the group C = Co^j(c)(e, h, /)/Co^^j(c)(e, h, f)° 
on the set of finite dimensional irreducible U{q, e)-modules in the case when e = + 
and n is even and / is odd. In these cases, C = Z2 and is generated by c where 

C = ^ ea,a + ^ ea,b + eb,a- 

a&Inl a,bel„i 
row(a)^{±l} col(a)=col{f)) 
row{a)=l 
row{6)=— 1 

As before, the action of c on a finite dimensional U{q, e)-module L{A) is the same as 
the action of the i^-automorphism ip, and so we obtain the following theorem, whose 
proof is essentially the same as the proof for Theorem 11.31 

Theorem 6.1. Suppose that n is even I is odd integers and e = -|-. Let A = Std^^ 
and let L{A) denote the corresponding finite dimensional irreducible representation 
ofU{g,e). Then the '^-special element 0/ (a_i a_i i_3, . . . , a_i /_i) is defined; let 
a denote the '^-special element of this list. Let c denote the generator of C . Then 
c.L{A) = L{B) where B G Std^^ has the same rows as A, except with one occurrence 
of a replaced with —a in row —1, and one occurrence of —a replaced with a in row 1. 
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